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Abstract. This Colloquium discusses the coherent electron transport properties of non-ideal quasi-one-
dimensional carbon-based systems, i.e. graphene nanoribbons, carbon nanotubes and linear chains. Results
are based on numerical simulations that implement Schréedinger/Poisson as well as non-equilibrium pola-
ronic methodologies for the calculation of quantities relative to the conduction. Attention is paid on the role
of localized or extended modifications of the structural and electronic symmetry within atomistic descrip-
tions that go beyond phenomenological approaches. Three different types of perturbations are considered:
(a) perturbations induced by defects/impurities in the atomic lattice, (b) perturbations induced by the
coupling with the metallic contacts, and (c) perturbations induced by the application of bias. The objective
is to elucidate the potentiality as well as the possible drawbacks of future all-carbon-based electronics.

1 Introduction

Silicon-based complementary-metal-oxide semiconductor
(CMOS) technology has ruled the semiconductor industry
for the last decades. However, pure silicon electronics is
arriving toward its physical limits in terms of traditional
transistor operation: as channel lengths get reduced be-
low L.p ~ 30—20 nm, strong differentiations in the device
operation are expected due to the presence of quantum
confinement, while problems like leakage currents and di-
electrics scaling arise'. In this sense the search of alter-
native materials and/or device architectures for nanoscale
integration in electronics that would allow for a further
reduction of tramsistor dimensions, while at the same
time increasing clock speeds and reducing power dissi-
pation becomes eminent. Such research could also boost
the development of sensors, environmental and in gen-
eral smart applications, where old and new functionali-
ties are integrated into the same chip. A new concept of
low-dimensional systems and/or materials comes into the
picture here. Reduced dimensionality can significantly ad-
vance miniaturization and improve performance: devices
become faster, denser and require lower power consump-
tion. Hence, plenty of potential innovative features could
be achieved if one or more of the space dimensions of the
material used for manufacturing electronic devices were
intrinsically zero. Under this perspective, novel carbon-
based systems play a key role.
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1.1 Low-dimensional carbon-based systems

Using zero-dimensional materials (i.e. molecules or atoms)
as electronic building blocks, i.e. pushing the low dimen-
sionality concept to an extreme limit, is not a recent pro-
posal [1]. However, the real revolution in low-dimensional
electronics came with the discovery of carbon nanotubes
(CNTs) [2], i.e. quasi one-dimensional (1D) sp?-bonded
carbon allotrope systems that look like a single rolled sheet
of graphite. The CNT research framework [3,4] served for
the incubation of the concept of a pure two-dimensional
(2D) carbon-based system. Quasi-2D electron gases exist
in heterostructure junctions like the GaN/AlGaN inter-
face. Anyhow, the idea of a real 2D material was lacking
any consistence whereas serious thermodynamic stability
concerns were raised [5,6]. In 2004 Novoselov et al. [7]
showed the existence and stability of a 2D crystal compris-
ing of a single one-atom-thick graphite sheet with a series
of exceptional properties: graphene is indeed the strongest
and most conductive material ever synthesized [§].

Out of the plethora of electronic characteristics that
could make graphene an ideal candidate for post-Si CMOS
technology there is still one missing, i.e. the intrinsic
bandgap that could allow for its direct use as an ac-
tive component in semiconducting devices. The proposed
solutions for the non-trivial bandgap engineering prob-
lem include: (a) the lateral confinement of graphene in
one dimension, i.e. the mechanical transformation from a
quantum well to a quantum wire [9]. (b) The synthesis
of Bernel-stacked bilayer graphene systems, where it has
been shown that the application of a perpendicular electric
field (e.g. by using a gate electrode) can give rise to a
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small (~0.2 eV) bandgap [10,11]. (¢) The interaction be-
tween graphene and a substrate [12,13]. (d) The chemical
functionalization of bilayer graphene with reactive atoms
or molecules [11,14]. (e) The generation of mobility gaps
within a backscattering mechanism from defects and sub-
stitutional impurities during conduction [15,16]. (f) The
introduction of controlled strain fields [17,18]. While all
the mentioned methodologies have advantages and disad-
vantages, a most plausible route toward bandgap engi-
neering within a current view of technological advances,
which guarantees device-requested functionality, appears
to be the one of 1D confinement: the controlled produc-
tion of quasi-one-dimensional graphene, either in the form
of a flat sheet (i.e. a graphene nanoribbon (GNR)) or in
that of a rolled wire (i.e. a CNT), with all enhancements
made possible by surface chemistry, strain and substrate
engineering.

In addition, carbon’s vast polymorphism allows for re-
search of low-dimensional systems beyond the sp? scheme.
Indeed, strictly one dimensional carbon allotropes in
the sp hybridization (i.e. dimerized polyyne carbon chains
or un-dimerized cumulene carbon chains) have been syn-
thesized before of their sp? counterparts [19] and recently
inside multiwall CNTs [20]. In spite of their relative in-
stability, these molecules appear as ideal candidates for
molecular electronics since they possess all the necessary
features: tunable band gap (by modifying the polyyne’s
chain size), high conductivity, metal and semiconductor
character in the same molecular structure [21].

1.2 Coherent transport: role of defects, contacts
and bias

All carbon-based quasi-one dimensional systems men-
tioned in the previous subsection expose an one-atom-
thick surface and as a consequence their properties are
deeply subjected to the interaction with the surrounding
environment. This interaction is bound to induce various
levels of disorder in these materials. Already from the
growth stage and notwithstanding the possibility to ob-
tain high crystalline quality at the micrometer scale, all
popular growth techniques for graphene and CNTs give
rise to local or extended deviations from the ideal atomic
structure (e.g. vacancies, Stone-Walles defects, etc. [22]).
A further source of structural disarrangement can be iden-
tified within patterning manipulations. Finally the steps of
device integration for these structures enhance perturba-
tions and interactions with both dielectrics and contacts,
giving rise to important alterations in their conductance
characteristics [23].

The theoretical understanding of disorder on the con-
ductance features of these systems and in general the
study of the coherent transport represents a fundamen-
tal background to develop carbon-based nanoelectronics.
This issue complements the studies on diffusive transport
and it is crucial for predicting the electrical characteristics
in the case of nano-device configurations: i.e. when the de-
vice length scale is lower than the characteristic lengths of
inelastic interactions that give rise to a diffusive behavior
or the de-phasing of the electron wave functions.

Under this perspective the use of phenomenological ap-
proaches (e.g. the Anderson model [24]) for the inclusion
of disorder in electronic transport properties of carbon-
based systems [25] serves as a first approximation in the
macroscale, but lack authoritativeness for the effects of
local atomic reconstruction at the disordered area. The
presence of defects and/or impurities, the interface with a
particular substrate, the interaction with a metallic con-
tact, the charge transfer induced by a local perturbation
and in general all the structural/electronic deviations from
the ideal case need an atomistic-level description. It is
therefore clear that a thorough understanding of differ-
ent types of deviations from the ideal atomic/electronic
structure, as well as their role in the shaping of the trans-
port properties of carbon-based quasi-1D systems is of a
fundamental importance. The goal of this Colloquium is
to discuss the role of non-ideality on the electronic trans-
port properties of carbon-based nanowires. Three different
types of atomic/structural and electronic perturbations
will be considered: (a) perturbations induced by defects
and impurities in the atomic lattice, (b) perturbations in-
duced by the coupling with the metallic contacts, and (c)
perturbations induced by the application of bias.

We finish this introductory section with the plan of the
Colloquium’s technical content. Section 2 contains a basic
presentation of the electronic structure of GNRs, CNTs
and carbon chains in their ideal configuration. Section 3
introduces a general formalism for the calculation of coher-
ent electron transport in nanodevices. Section 4 discusses
the quantum transport modeling of defective sp? systems,
from the effect of the single scatterer all the way up to
finite defect concentrations. Section 5 analyses the impli-
cations on the conductance induced by the interaction be-
tween metallic contacts and CNT/GNR structures, pay-
ing attention on both the chemical aspects of the interface
bonding as well as the particularity of the one-dimensional
electrostatics. Section 6 treats polaronic effects in carbon
chains that manifest in the presence of a bias voltage. Fi-
nally, in Section 7 conclusions are presented along with a
discussion and a general outlook.

2 Electronic structure of ideal carbon
nanosystems

In this section we review the basic features of the elec-
tronic structure for some carbon-based low dimensional
systems. In the case of ideal bulk structures, the single-
orbital tight-binding (TB) approximation is sufficient for
most of the relevant aspects of the band structure. More-
over, it allows to obtain fully analytic results or to reduce
the computational cost at a minimum. In this section TB
results will be derived and discussed; however, the correc-
tions obtained by means of more accurate approaches will
be also outlined.

2.1 Graphene: a two-dimensional world

In spite of its more recent synthesis, graphene can be con-
ceptually considered as the parent-material for most of
the nano-systems that are studied in this Colloquium: cu-
riously, carbon nano -tubes, -balls, etc. were discovered
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Fig. 1. The atomic structure of a graphene surface where
a1, a2 are lattice vectors, d is the vector joining the two atoms
in the elemetary cell and o are the sp?-hybridized bonds that
allow for the covalent bonding between neighboring atoms. The
unit cell is highlighted in yellow.

before their constituent foils. Here instead, we will start
this section with a view of the electronic properties of the
2D crystal.

Graphene is a one-atom thick planar sp? carbon al-
lotrope system with particular electrical, mechanical and
optical characteristics [8,26,27]. Structurally graphene is a
hexagonal honeycomb surface where each carbon atom is
covalently bonded with three neighbouring atoms at a dis-
tance d ~ 1.42 A (see Fig. 1). The primitive basis vectors
of the underlying Bravais lattice read:

=5 (v3.1) (1)
= (v3,-1) (2)

where a1,as are lattice vectors and a is the in-plane
graphite lattice constant, having a value of a = v/3d ~
2.46 A. Since the translation of each one of the basis vec-
tors gives rise to a hexagonal primitive lattice, graphene
can be thought of as the superposition of two hexagonal
interpenetrating lattices.

The sp? hybridization scheme provides for the pres-
ence of both ¢ and 7 orbitals in the electronic structure
of this system. The o orbitals primarily lie along the struc-
ture’s surface and are responsible for covalent bonding
between neighboring C atoms that constitutes the basis
of the extremely high mechanical stability of this material
(see Fig. 1). On the other hand ¢ bonds have energies that
are too far away from the Fermi level and do not contribute
in the electrical characteristics of graphene. The remain-
ing 7 orbitals (one per carbon atom) lie perpendicular to
the lattice surface and are responsible for the peculiarity
of its low-energy electronic properties.

Probing for the electronic structure of graphene can
be simple and straightforward within a next-neighbor TB
model. Such a description accounts only for the linear
combination of 7 atomic orbitals of graphene, being suf-
ficient for the low-energy spectrum of this material. We
start from the next-neighbor TB Hamiltonian:

H=-t Z cl-:gcjp + h.c., (3)
(i:4),0

where cl(cT) is the annihilation (creation) operator for an
electron with spin ¢ at site 4, and ¢ is the hopping integral
with a typical value t = 2.7 eV. The previous Hamiltonian
can be rewritten with a notation that introduces the bi-
partite nature of the honeycomb lattice [28]:

H=-t Z nglm o (0512m o + 05124)-17m,a' + CSL%Zn-i-l,a) +h.C.,

(4)
where operator ¢(!) (¢(D1) is the annihilation (creation) op-

erator at sublattice L% 2,1 = na; + mas, and 2 (0(2)T) is

the annihilation (creation) operator at sublattice ngn =

nai + mas + d. By Fourier transforming in momentum
space we get:

1 1 ik-LM
b§c73)- = \/NS n%g e n,m C( 72”‘)0_ (5)
2 1 ik-L>?
bir = % ek Liime®) (6)
1 1)
(1) — —ik- Ln 7nb (7)
Cn m,o €
A ,;
Wher =y, o Q
S k,o

where k is the electron quasi-momentum and N; is the
number of unit cells in the graphene sheet. Substituting
back to (4) we get:

H = —tz e~ tkd (1—}—6_”“'“1 —i—e_ik'az) . bg?: . bgzl—i—h.c.
k,o

The energy dispersion relation can be derived from the
previous Hamiltonian by means of a Bogoliubov transfor-

mation: } )
H=%x>"E(k)-b,, bro )
k,o
with
E(k)=t[3+2cos(k-az)+2cos(k-ai)

+2cos (k- (az — al))]1/2 (10)

where bk - 1s a linear combination of bk . and bgfgy. By
projecting the previous expression on the graphene plane
we have:

E (kg ky) = £t

k k ksvV3
X 1+4cosz< ‘;a)—I—‘lCOS( ;a) COS( \2/(1)7 (11)

where k., k, are wavevector components along the z,y di-
rections (see Fig. 2). According to equation (11), valence
and conduction bands meet exactly at the charge neu-
trality level at the high symmetry K and K’ points of
the Brillouin zone. Such a band formation gives rise to a
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Fig. 2. (a) Energy dispersion relation of two-dimensional
graphene for the 7 and 7* bands according to the single-orbital
TB model. (b) Detail of the energy dispersion relation of two-
dimensional graphene showing band meeting at the high sym-
metry K and K’ points of the first Brillouin zone.

density of states that vanishes linearly at the Fermi level
making graphene a half-filled zero-gap semiconductor.

The peculiarity of the band structure of graphene lies
in the linear dispersion near the Fermi level (see Fig. 2b)
where electrons behave like Dirac massless chiral quasi-
particles (relativistic fermions), making graphene an ideal
platform for the experimental study of quantum electrody-
namics phenomena. Indeed, for the low energy spectrum
the dispersion relation reads:

ko — ik,

0

) =+thvro - k,

where k is the quasi-particle momentum, o are the
2D Pauli matrices and vp(~10° ms™!) is the Fermi
velocity. It should be noted that the use of the Dirac-
like Hamiltonian is valid only for a small part of the en-
ergy spectrum (|E| <~ 1 eV) of 2D graphene, while it
lacks sense for higher energies or other forms of confined
graphene systems.

The electronic properties of graphene form the corner-
stone of its physical peculiarity, giving rise to the mani-
festation of a series of exceptional phenomena and device-
requested characteristics (e.g. huge charge carrier density
and mobility, extreme mechanical strength, etc. [8]). On
the other hand, an intrinsic bandgap can be only ob-
tained with the further confinement of one out of its two
dimensions.

2.2 Tube confinement

The carbon nanotube geometry is characterized uniquely
by the circumferential (chiral) vector C' = na; + ma; =
(n,m) with (0 < |m| < n) connecting two equivalent lat-
tice points in the ideal wrapping of a planar graphene
ribbon in the tubular form. Such vector imposes real pe-
riodic boundary conditions in the 2D structure and con-
strains the allowed values of k. Note here that (n,n) CNTs
have armchair borders (aCNTs from now on) whilst (n,0)
CNTs have zig-zag borders (zCNTs from now on). Thanks

0 05 1
k (/L)
Fig. 3. Energy dispersion relation showing the highest oc-
cupied and the lowest unoccupied subbands of (a) a (12, 0)
zCNT, (b) a (13, 0) zCNT and (c) a (8, 8) aCNT according to
the zone-folding model.

to the circular symmetry, the band-structure of a CNT in
the TB approximation can be easily obtained from the
graphene one within the zone folding approximation. In-
deed, the proper quantization rule for the wave vector in
this geometry can be derived from the 2D k,, k,, ones im-
posing the following relation

C k=k,Cy+k,Cy=2mp, (12)
where p is an integer number. Equation (12) is a con-
strain between (kg,k,) in terms of a family of parallel
lines whose points represent the tube wave numbers. An
immediate but important consequence at the quantization
condition (12) is that CNTs are metallic or semiconduct-
ing, depending on whether or not the lines pass through
the graphene Fermi points [29]. From this geometrical rule
it follows that CNT's are metallic if mod(n—m, 3) = 0. We
can find an analytical expression of CNT band structure
by expressing the constrained &, k,, values as a function of
the component k of the tube wave vectors parallel to the
axis. By substituting these expressions in equation (11),
we finally obtain

V3C, ka \/37rpC a
_ 2 x
E(p,k) =+t |1+ 4cos ( ZC'y + o2 + 4 cos
1/2
3C:ka B 3mpCya cos \/3C'yka, \/37TpCza /
2C C? 2C C?
(13)

The band structure of CNTs according to the zone-folding
approximation (see Fig. 3) is revised within higher-order
models that account for the effects of curvature and or-
bital mixing on the electronic structure. The principal
qualitative differences are two: (a) the TB description is
inadequate for small radius CNTs [30], and (b) a small
bandgap opens in the case of the metallic zigzag and chiral
CNTs [31], perturbing the ideal linearity of the dispersion
relation around the Fermi point.
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2 = N,

Fig. 4. GNRs with armchair (a) and zigzag (b) edges passi-
vated by single hydrogens. The respective categorization can
take place on the basis of the dimer lines N, and zigzag
chains N, along the ribbon width.

2.3 Ribbon confinement

Contrary to the tube confinement, the band structure of
graphene ribbons for a generic geometry cannot be ana-
lytically calculated. It is noteworthy that numerical cal-
culations of GNR band structures were present in the lit-
erature well before the graphene synthesis [32,33], while
a systematic study of the GNR band structure within an
ab initio framework can be found in reference [9]. How-
ever, analytical band structure expressions can be derived
for the particular case of ribbons with armchair edges (see
Fig. 4a), whilst in spite of the simplicity of the edge shape
in the zig-zag symmetry (Fig. 4b) a numerical approach
is necessary.

2.3.1 Armchair ribbon confinement

Armchair graphene nanoribbons (aGNRs) are quasi-1D
graphene-based structures, where the lateral confinement
consists of left/right terminated armchair edges. Prevail-
ing definition enumerates the number of dimer lines N,
along the ribbon width [9] (see Fig. 4a). Probing for the
electronic properties of ideal aGNRs can take place ana-
lytically within the TB schema of equation (3) by consid-
ering appropriate boundary conditions towards the width
of these structures that nullify the wave function out of
the structure’s borders [34]:

2 pm

T aNg+1’ (14)

Qy
where ¢, is the discretised vector in the y direction and
p=1,2,3,..., N,. Hamiltonian diagonalization here gives
the following dispersion relation:

—ikga

ikgpa
E (kz,qy) = £t 2e 272 cos “gy +e vs (15)

A key characteristic of the TB band structure of aGNRs
is its dependence on the number of dimer lines according

21 aGNR 22 aGNR 23 aGNR 24 aGNR 25 aGNR 26 aGNR
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Fig. 5. Energy dispersion relation of aGNRs within the ex-
tended Hiickel theory for six different dimer line widths (N, =
21—-26). Model parameters have been extrapolated from first-
principles calculations. L is the lattice periodicity.

to the following rule: Vp € N, aGNRs with N, = 3p + 2
dimer lines are metallic while the rest are semiconducting
with energy gaps A given by the following equations [27]:

Tp
Az, = 4 -2 1
3p = [t] ( cos 3p+ 1 ) (16)
7T(p+ 1)
A = 2—4 . 1
sp+1 = [t] ( % 3,40 ) (17)

The previous picture is slightly revised when the electronic
Hamiltonian is written beyond nearest-neighbor interac-
tions and with the inclusion of edge effects towards the
uplifting of metallicity and the formation of secondary
band gaps (of the order of few meV) for aGNRs with
N, = 3p + 2 dimer lines (see Fig. 5 for the band struc-
ture of aGNRs according to a description that considers
further-neighbor interactions as well as o orbitals).

2.3.2 Zigzag Ribbon confinement

Zigzag graphene nanoribbons (zGNRs) (see Fig. 4) are
quasi-1D graphene-based structures identified by the num-
ber of zigzag chains NN, along the ribbon width that al-
ways have their two edge carbon atoms belonging to the
different sublattices A and B (see Eq. (4)). This char-
acteristic makes the imposition of boundary conditions
that nullify the wave function at the borders separate ac-
cording to a reciprocal scheme where the wave function
of sublattice A vanishes at the opposite B-type edge and
vice-versa [27]. An analytical expression for the dispersion
relation in zGNRs is not possible, however the numer-
ical diagonalization of the Fourier-transformed N; x N,
blocks of the nearest-neighbor TB Hamiltonian yields a
band structure that presents some important character-
istics: the Dirac points of two-dimensional graphene are
projected at the k = :|:23:T points of the first 1D Brillouin
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Fig. 6. Energy dispersion relation of a 22-zGNR (N, = 22)
within the extended Hiickel theory. L is the lattice periodicity.

zone, and b) from k = :l:237r to k = £, i.e. until the bor-
ders of the Brillouin zone there exist two partially flat de-
generate bands with zero energy. The revisions in the pre-
vious picture imposed by higher order Hamiltonians show
that the two degenerate subbands near the borders of the
Brillouin zone slightly bend towards negative energies and
do not maintain a zero value (see Fig. 6). A further inclu-
sion of exchange interactions shows that the highly local-
ized wave function at the edges of the zGNR around the
charge neutrality point gives rise to a ferromagnetic/anti-
ferromagnetic coupling, which opens a small meV bandgap
in between the two quasi degenerate subbands [9]. This
last characteristic has driven a wide discussion on the
possibility of spin-related phenomena based on the zigzag
edges of GNRs (i.e. zGNRs as spintronic systems). How-
ever it should be noted that some of the conditions of
suppression for edge magnetism are the presence of edge
corrugation [35], polihydrogenation of the edge atoms [36]
and room temperatures [37], which are all likely to be met
in real GNR samples.

2.4 Carbon chains

With respect to the quasi-1D nature of CNTs and GNRs,
polyynic and cumulenic chains, i.e. dimerized and non-
dimerized chains of carbon atoms respectively, present a
truly 1D character. Carbon chains distinguish themselves
from their quasi-1D counterparts also in their chemical
bonding characteristics, where an sp rather than sp? hy-
bridization takes place. However, their presence and sta-
bility is related to CNTs, as recent arc discharge multiwall
CNT synthesis has shown [20].

The key issue for the theoretical understanding of these
chain systems is the instability of the highly symmet-
ric configuration (i.e. the cumulene structure where the
carbon atoms in the chain form equivalent bonds with
next-neighbour atoms) with respect to a configuration
(polyyne) showing Bond Length Alternation (BLA), i.e.
alternation of stronger (triple) and weaker (single) bonds.
The band gap of the polyyne is strongly related to the
BLA, as stated in the Peierls theorem [38], whilst the cu-
mulene has a metallic character. Thermal driven reversible

t t t
2—90—0—0—0—0—0—0—0—0

E (eV)

0 05 1
k (1T/L)
Fig. 7. Energy dispersion relation for a dimerized carbon chain
for two different configurations of the hopping integrals ¢ and ¢
L is the lattice periodicity.

transition between the polyynic and the cumulenic con-
figuration has been recently observed [39] indicating the
reliability of the Peierls transition scenario.

A reliable effective Hamiltonian, for modelling the elec-
tronic structure of a chain of N carbon atoms, is a mod-
ified Su-Schrieffer and Heeger (SSH) model with two de-
generate orbitals per site. The model [40] reads

H [un] = —tog E : C;rz-l—l,l,acnqua’ + CII,l,G'Cn+17l»‘7

n,l,o

ta )y (g —un) {Clﬂ,z,acn,l,acl,z,a + Cn+1,l,o}

n,l,o

+ Zpi/2M + (un-l-l - un)2 (18)

where cjz.l,a’ (€n,1,0) is the creation (annihilation) oper-
ator of an electron with spin o, u, is the dimerization
coordinate, p, the coniugated momentum, to = 2.7 eV is
the hopping integral between carbons and « the electron-
phonon coupling energy. A negligible mass parameter 1/M
is assumed (adiabatic approximation). In the case of an in-
finite chain, the ground state energy as a functional of [u,]
can be analytically evaluated, assuming u, = (—1)""lug
and diagonalizing the resulting Hamiltonian in the mo-
mentum space (considering two atoms per elementary cell
as in 2.1) again by means of a Bogoliubov transformation:

E(k) = e + \/t2 + " + 2tt' cos(kL), (19)
where t = tg + 2aug, t' = tg — 2aug and L is the lat-
tice periodicity. The interesting aspect of the electronic
structure of these systems lies in the possibility to tune
their conducting characteristics by changing the distance
between the neighboring atoms, e.g. by the modification
of the BLA = 4uyq value (see Fig. 7 for two different con-
figurations of the hopping parameters).
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Fig. 8. HOMO-LUMO gap as a function of the size N for a
dimerized carbon chain derived by means of the modified SSH
model (triangles) and ab-initio calculations (squares)

The best variational choice of 1y can be obtained min-
imizing the energy functional. This procedure allows to
calibrate the parameters for the model imposing that
the calculated BLA and band gap A coincide with the
best estimates (BLA = 0.013 nm, A = 2.2 V) de-
rived by means of a critical analysis based on quantum
chemistry calculations using different hybrid density func-
tional theories (DFTs) [41]. The calibration procedure
gives a = 8.46 eV/A and K = 137.1 eV/A2. For finite
chains with an even number of atoms N, the BLA and
the gap can be calculated numerically assuming the same
ansatz for u,, and minimizing the energy functional. These
gap values obtained are reported in Figure 8 and compared
to the DFT estimate as a function of N. In spite of the
fact that no size dependent calibration is performed, there
is a good agreement between the DFT (squares) and the
model (triangle) estimates in a large range of N.

3 Quantum transport theory

This section will present some keynotes on a quantum
transport formalism for problems that diffusive and semi-
classical models fail to address. This model is a com-
bination of the single-particle scattering theory using
Green’s function techniques with the Landauer deriva-
tion for the transmission probability and the current. The
power of such purely quantistic theory lies in its capacity
to additionally describe systems where transport is phase
coherent. This conduction regime is prevalent for a num-
ber of nanoscale materials like graphene (up to a sub-
micrometer limit), carbon nanotubes, polyynes and other
organic/inorganic molecules.

3.1 Green’s function

The Green’s function technique represents a convenient
formalism to separate the part of the Hamiltonian (often

the interaction part) which does not allow a direct, possi-
bly analytical, solution of the quantum problem in study.
A rigorous and complete introduction of the formalism is
beyond the scope of this Colloquium. Here we will special-
ize the approach for the case where the interaction part
is due to the presence of contacts between a finite (solv-
able by analytical or numerical techniques) and an infinite
system.

We consider the generalized transport problem of
a two-terminal geometry, where a finite device part is
embedded between semi-infinite left and right contacts,
which do not interact directly. Assuming that a matrix
representation of the Hamiltonian can be obtained using
a suitable base, we can write the Hamiltonian of the entire
system as [42]:

HL —TI, 0
H= —7‘2 Hy —TIT% (20)
0 —TR HR

Here, Hy is the device Hamiltonian and Hy r are the
bulk contact Hamiltonians, while 77, r describe the cou-
pling between contacts and device. In this way, although
contact subspaces are semi-infinite, the device subspace
has a finite character. The Green function of the sys-
tem represents the response in one point of a conductor
within a two(multi)-terminal geometry from an excitation
that takes places in a different point of the same con-
ductor. Conceptually it is related to the scattering matrix
(S-matrix) [24], albeit its applicability is more general and
powerful. The matrix Green function G can be defined by
the solutions to the following formal equation
(FI-H)G(E)=1 (21)
where E is the energy and I is the unitary matrix (in
the case of an orthonormal basis set). Equation (21) gives
in fact two equivalent solutions, which are called the ad-
vanced (G4) and the retarded (G?) Green’s functions and
physically represent an incoming and an outgoing wave
that are formed due to the same excitation. Mathemat-
ically we can obtain only one solution by imposing cor-
rectly the boundary conditions, which in our case is trans-
lated in adding or subtracting an infinitesimal imaginary
part to the energy. It is also straightforward to show that
(G") =g,
We can separate the Green’s function that corresponds
to the device (Gp) and the contacts (G r), and by substi-
tuting to equation (21) we have:

El-H, -1 0 Gr Gro 9Lr
7l EI-Hy -}, Gor Go Gor | =

0 —tp EI—Hp Grr Gro Gr
100
0710
001
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Considering matrix multiplications with the second col-
umn of the Green matrix, we obtain the following set of
equations:

(EI—HL) gLo—TLgo =0 (22)
~71Gro + (EI — Hy)Go — m}Gro = I (23)
(EI — Hr)Gro — TrRG0 = 0. (24)

In this set (22) and (24) give matrices with (oo, N) di-
mensions, whereas (23) has (N, N) dimensions, where N
is the dimension of the device Hamiltonian written in an
appropriate basis set. If we solve for G 1o and G gy we have:

Gro= (EI — Hy) ' 7060 = 91790

Gro = (EI — Hg) ™"

(25)

TrRG0 = 9rTRY0, (26)
where g7, g are the Green functions of the left and right
contact respectively. The problem here is the transforma-
tion of these two (oo, N) matrices into (N, N) ones for
substitution back to equation (23) in order to obtain a fi-
nite expression. Such a procedure usually takes advantage
of the semi-infinite lattice symmetry of the two leads in
order to make a k-space transformation of the real-space
matrices gr, r(r) into gz r(k), and backspace substitute
them in real coordinates. This can be done either analyti-
cally [24] or iteratively [43]. The gain of such computation-
ally overwhelming approach is that (N, N) Gro and Gro
matrices can be obtained. From equation (23) we now get:

—71grm.G0 + (EI — Ho) Go — T}EQRTRgO =1. (27)

If we now define the self-energies of the two contacts as

= ngLTL (28)

Yr= TJTQQRTRv (29)
we can obtain the final version of the Green’s function
matrix of the device that takes also account for the inter-
action with the two contacts via the two self-energy terms:

G=(EI—Hy— %, —%g)"" (30)

Conceptually one can think of X r as matrices that by
being added to the bare device Hamiltonian result in an
effective Hamiltonian that accounts also for the exact ef-
fect of the leads. This concept is very powerful and can
be extended to other types of interaction that take place
in the device channel during conduction (e.g. electron-
phonon interactions [44]), although such extensions result
only in approximate descriptions, contrary to the ones ob-
tained for the contacts. At this point, we have fixed a stan-
dard procedure for the calculation of Green’s function of a
two-terminal system, which could be easily expanded for
multi-terminal geometries. From here on we can focus on
the quantities relevant to transport that can be withdrawn
from this function.

3.2 Device and contact spectral functions

Equation (30) allows for a plausible computation of a two-
terminal system due to its finite matrix character, even
if conceptually the effect of the contacts is that of semi-
infinite leads. Here we will define and discuss two quan-
tities that are called the spectral functions A and I" of
the device and the contact respectively. The two relations
are defined by the anti-Hermitian part of Green’s function
and the self-energy’s function respectively:

A=1(G-g"
I =(2-20).

(31)
(32)

Conventionally only A is usually referred to as the spec-
tral function and is related to the density of states of the
system, while the I' matrix is also called broadening ma-
trix and physically represents the strength with which the
contacts are bound to the device.

For the derivation of the relationship between the spec-
tral function and the density of states we need to expand
Green’s function in an eigenbasis. We start off by consid-
ering that the eigenfunctions of the Schréedinger equation
form an orthonormal set:

<1/}55 wa> = 5[3,&,
where g, is the Kronecker delta. From equation (21)

and considering the retarded Green’s function by adding
an infinitesimal imaginary part to the energy we obtain:

_ [%a) (Yol
_;E—Fm—ea’

where 7 is a very small positive number and €, is the eigen-
value corresponding to eigenfunction ¥, (r). From equa-
tions (31) and (34) we have:

1 1
_ZZ“Z)OL U)a <E+Z77_€a E—Zﬁ—6a>

_ 2n
=Wl g

(33)

G (34)

(35)

Since n — 0T, by integrating over E with a test function
we obtain [42]:

— €a) [tha) (Yal- (36)

—2#25

We know that the expression for the Density of States of
the system is [29]:

D= }:5

From the last two equations we obtain:

— €a) [tha]”. (37)

27D = Trace(A).
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Similarly, the broadening matrix can be also related with
the electronic structure of the system. As its name sug-
gests, it gives rise to a broadening of the energy levels
in the channel, proportional to the strength of the cou-
pling between the device and the contacts. Furthermore,
it introduces a finite lifetime for the electronic states, sug-
gesting that an electron introduced into a state at some
point escapes to the contact. References [24,29] propose a
detailed mathematical and conceptual derivation of these
physical aspects starting from simple toy models all the
way up to second quantization arguments. Finally, a useful
identity between A and I" that can be found easily [24] is:
=G'rg.

A=grgt (39)

3.3 Electron density

Next we will discuss the density matrix, whose diagonal
elements give the electron density of the device. When
contact reservoirs with different electrochemical poten-
tials are attached to the device, each one of them tries
to “bring” the device to its own electrochemical potential
by injecting or subtracting electrons. If we consider the
system in equilibrium (i.e. the device part connected to
just one contact), the charge density matrix p is given by:

p= Zfo ) [¢a) (al

where p is the electrochemical potential of the contact and

(40)

1
folea —p) = - (41)
1+eksT
is the statistical Fermi-Dirac distribution of electrons.
Equation (40) can be rewritten within the single-particle

scattering theory notation as [29]:

p= 217T /: dE fo(E — p)A (42)
-/ O:O AEf(E-w[(G-6")]  (43)
- ;ﬁ /_ Z dEfo(E — pn)GI'GT. (44)

If we generalize now the previous equation for the case of
two (and futhermore easily expand for N) contacts we get
the final form for the equation of the density matrix:

1

- (45)

p= g [ (106116 + rGTrG") dE

where f1 (g) is the Fermi-Dirac function of the left (right)
contact.
3.4 Transmission

The term transmission formalism refers to the theory
developed by Imry and Landauer [45] and afterwards

expanded by Biittiker for the calculation of current in
nanodevices on the basis of the summation of the trans-
mission probability of each transverse mode of the device
channel [24]. This can be better visualized from the well-
known Landauer formula for the conductance:
2¢2
G = n MT
here G is the conductance, M the number of transverse
(or propagating) modes of the device and T the average
probability that an electron injected from the one contact
will transmit to the other. By defining T'(E) = MT as the
total transmission probability of the channel for energy E
it is straightforward to show [29] that in the case of coher-
ent transport the total current can derive by the relation:

(46)

1= [ 1@ - feae

Here the contact Fermi functions represent the driving
force for the propagation of current [46] in the sense that
only carriers with energies in-between the electrochemical
potentials of the two contacts participate in the conduc-
tion process. This implies that the usual idea that consid-
ers the electric field acting on all electrons as the primary
reason for transport is inaccurate. The point is to show
how we can relate the transmission and the single-particle
scattering formalism.

Under non-equilibrium, we can think of the current
that passes from a contact to the device as the difference
of an influx and an outflux current [47]. We can write the
outflux from the device to the left contact as:

(47)

Ly, = Z / Trace (I'.p) dE, (48)

and the outflux from the device to the right contact as:

Tty = (49)

Z / Trace (I'rp) dE,

r :
where “ % represent the rate at which electrons escape

from the device to the left (right) contact (considering
that I" matrices have the dimensions of energy) and p is
the density matrix given by equation (45). Now we can
think of the influx current from the contacts to the device
as equal to the outflux current we would have if the device
was in equilibrium with each one of the contacts:

= Z/ Trace (I'1,peq) dE

Iin, = Z/ Trace (I'rpeq) dE (50)
where
Peq = o / .fL gFLgJf gFng) dE
-, / (fr [OTLG" + GTrG1]) dE,  (51)
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since in equilibrium conditions p;, = pr. The net current
for contact L is:

e o0
I'=liny = Tou, = / Trace (I'.GI'rG') (fL— fr) dE.

(52)
With a similar procedure for the second contact we can
derive that:

&
I:IinR_IoutR - h/

— 00

o0

Trace (IrGILG') (fL—fr) dE.

(53)
If we multiply equations (52) and (53) with 2 in order to
account for the spin factor and compare them with (47),
we can write the transmission probability as:

T(E) = Trace (I'.GI'rG")
= Trace I’RQI’LQT)

(
= Trace (I'LAR)
(

= Trace (I'RAL) . (54)

3.5 Electronic Hamiltonians

An important problem that precedes quantum transport is
the correct treatment of the electronic structure of the sys-
tem in study by writing a proper electronic Hamiltonian.
In computational codes there are two common approaches
to this problem with an accuracy/efficiency mismatch be-
tween them, i.e. ab initio and semiempirical approaches.
Ab initio (or first principles) methods use only funda-
mental physical constants and calculate self-consistently
the wavefunction of the studied system on the basis of a
variational principle of energy minimization. A particular
category of ab initio methods is the Density Functional
Theory, where the fundamental quantity is the electron
probability density p and not the electronic wavefunc-
tion. Semiemprirical methods on the other hand use sim-
pler Hamiltonians that are parameterized on the basis of
experimental data or first-principles calculations. In this
case no self-consistent loop is necessary for the calcula-
tions, enhancing computational efficiency. However, the
static character of such Hamiltonians imposes limitations
in their capability to describe systems outside the scope
of the initial parameterization. In this sense evaluation or
calibration of semiempirical models is necessary prior to
their use in electronic structure and quantum transport
calculations of a particular system. Here we will see the
basic concepts of two methods widely used throughout the
this work, i.e. the semiempirical extended Hiickel theory
(EHT) and the first-principles DFT method.

3.5.1 Extended Hiickel theory

The EHT method is one of the most important one-
electron molecular orbital semiempirical theories for the
calculation of the electronic structure. It is based on
the approximation of treating valence electrons separately

from the rest and uses Slater-type atomic orbitals as basis
functions for the construction of the Hamiltonian type:

£8 (1,01,05) = Ne"=1e=Sry™ (0,,6,)

nml

(55)

where n,m,l are the principle, azimuthal and magnetic
quantum numbers and Y;”* are the spherical harmonics.
The molecular orbitals are then formed as a linear combi-
nation of the atomic orbitals f:

¢i=ZCz‘f,

K2

(56)

where coefficients ¢; and exponents (; are fitted for the in-
dividual basis functions to match bandstructure data [48].
Diagonal Hamiltonian elements are usually calibrated by
experimental or first-principles obtained values of the dif-
ference between ionization potential and electron affinity:

Hyp = (57)

For the off diagonal elements the following expression is
used:

mm -

1
where K is the Wolfsberg-Helmholtz constant (usually
having values within 1 and 3) and S,,,, is the overap ma-
trix between orbitals ¢, and ¢,,:

S = [ 01 (P)ou(r) . (59)
The power of the EHT lies in its good capacity to describe
qualitative characteristics of more accurate Hamiltonians
with a real-orbital localized basis set that enhances trans-
ferability and an overall reduced computational cost.

3.5.2 Density functional theory

DFT is founded on the Hohenberg-Kohn theorems and the
Kohn-Sham (KS) formulation that allows for its practical
use for the calculation of the electronic structure. The first
Hohenberg-Kohn theorem states that the ground state
electronic energy Fj is a unique functional of the ground-
state electron probability density po, i.e. Eg = Eg[po] [49].
Therefore DFT attempts to calculate ground-state prop-
erties from pg. The second Hohenberg-Kohn theorem (also
known as the Hohenberg-Kohn variational theorem) states
that the exact ground-state electron density minimizes the
energy functional Ey = E,[po] [49]. In principle, if we
know pg it is possible to calculate all the ground-state
properties from it without having to calculate the wave-
function. However, the Hohenberg-Kohn theorems do not
tell us how to calculate Ey from py. The solution to this
problem comes with the Kohn-Sham method that trans-
lates a problem of n interacting electrons in a noninteract-
ing one by the definition of a fictitious reference system
that experiences an external potential us(r;) that makes
the ground-state probability density ps(7) equal to the ex-
act ground-state density po(r) of the interacting system.
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Since the electrons do not interact in the reference system,
single-electron orbitals should derive from:

n* _, B
(— 2mV + us(r)) ¢i(r) = €pi(r), (60)
where the electron density p; is:
pa(r) =3 o). (61)
i=1

Under the Kohn-Sham approach all many-body effects
are described by the exchange-correlation potential, de-

fined as:
m (’l") — 5E$C[p](r)
e dp(r)

where E,.[p] is the exchange-correlation energy.

(62)

3.6 Nonequilibrium electrostatics

A key characteristic of conduction is that devices are at
a nonequilibrium condition due to the separation of the
electrochemical potentials of the contacts by the applica-
tion of bias. Nonequilibrium charging effects are therefore
crucial for the correct description of the transport process.
The insertion of charging effects in the single-particle scat-
tering theory simply takes places by the addition of a self-
consistent potential Uy, that is a functional of the electron
density to the bare device Hamiltonian [29]:

H = Hy + qUs,, (63)
where Hj is the device Hamiltonian without the presence
of electron-electron interactions and ¢ is the electronic
charge. The calculation of Uy, takes places by numerically
solving the Poisson equation:

VQUSC = —pf/é, (64)
where py are mobile charges that can be easily calculated
within the Green function scattering theory [50] and e
is the dielectric constant of the material in which the de-
vice part is embedded. Computationally, the calculation of
equation (64) takes place within finite difference/elements
methodologies in real or momentum space grids using
appropriate boundary conditions (usually Neumman and
Dirichlet) that account for the different contact configu-
rations (e.g. source, drain or gate electrodes).

3.7 Numerical optimizations

The underlying structure of a computational code is
largely based on iterative matrix algebra operations (e.g.
matrix diagonalizations and inversions) that scale as ~N3,
where N are matrix dimensions. It becomes evident that
computational overloading can easily result for systems
of moderate dimensions (e.g. if we consider a graphene
nanoribbon with 1000 atoms and describe the electronic

structure within the EHT using a 2s2p33d® basis we ob-
tain matrices with [9000, 9000] dimensions). To override
related difficulties common computational techniques usu-
ally fall within two general categories, i.e. optimization
algorithms and parallelism.

Most optimization algorithms take advantage of the
sparsity in the matrices used within the transport formal-
ism (e.g. Hamiltonian and Green matrices) in order to
achieve a reduction in the required operations that goes
to a linear scaling of matrix operation with the system
size, known as O(NN) techniques [51,52]. The underlying
algorithms create submatrices with tridiagonal blocks and
use the particular properties of the respective matrices to
fasten operations. Further optimization can be obtained
for particular problems like the calculation of the sur-
face Green matrix [53] that involves costly iterative op-
erations, while energy integrals can be enhanced by divi-
sion between real and complex contour integration [54].
Finally, use of optimized computational linear algebra li-
braries (e.g. LAPACK and BLAS) sensibly reduces the
processing time.

Parallelism can be achieved at different levels within
a quantum transport code. The first level introduces par-
allelism for the costly matrix operations like diagonaliza-
tions and inversions, since the latter occupy the major part
of the runtime. A second order scaling can be achieved by
the introduction of parallelism for energy integrals, i.e.
with the assignment of different energy areas to different
processors and linear recombination of the results in the
end of each iterative loop. The main drawback of par-
allelism lies in the need to operate in parallel multicore
shared or distributed memory architectures, while the dif-
ferent parallelism protocols (e.g. MPI and OpenMP) give
rise to architecture specific codes that lack transferability.

3.8 Summary

In summary, the single-particle scattering formalism can
be considered a complete quantum mechanical theory for
the calculation of transport in nanodevices that can in-
corporate a number of scattering mechanisms (contacts,
electron-electron, electron-phonon) efficiently. Derivation
of all quantities relative to transport can take place with
the appropriate definition of the Green matrix, that in-
volves the electronic Hamiltonian written at an appropri-
ate basis set along with information on electron-electron
interactions (self-cosistent potential Us.), scattering by
the contacts (self-energy matrices X'y, g) and other scat-
tering mechanisms (self-energy matrices Xe;). From the
Green matrix derivation of the density of states, trasm-
sission probability, charge carrier density and current be-
comes straightforward. The theory can also be extended
to calculate conduction for systems where phase-breaking
mechanisms are present. On the other hand, criticism to
the Landauer-Biittiker approach derives from the intrinsic
single-electron picture of the transmission probability that
does not take into account for many-body effects, which
are enhanced in the nanoscale due to the viscous nature
of the electron liquid [55].
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Fig. 9. Ideal conductance (left column) and density of states
(right column) as a function of energy for (a, b) a (5, 5) aCNT,
(c, d) a (9, 0) zCNT, (e, f) a (6, 8) chiral CNT, and (g, h) a
(8, 2) chiral CNT. Results are based on the EHT model.

4 Role of defect scattering

A key aspect of the conduction properties of quasi-1D sys-
tems is the presence of quantized steps of conductance (see
Fig. 9) that correspond to the 1D subbands of the elec-
tronic structure. In fact, the conductance of ideal systems
in the ballistic regime can be calculated by a simple sum-
mation of the modes that are present in the electronic
structure at a given energy (e.g. see Refs. [27,48]), taking
into account that each mode carries conductance equal
to the conductance quantum Gy = 2¢%/h [24]. However,
structural defects (i.e. vacancies, impurities etc.) can in-
duce perturbations that can strongly influence the trans-
port scenario, giving rise to a deviation of the ideal con-
ductance aspects. This chapter will focus on the problem
of defect localization in quasi-1D graphene-based struc-
tures. The aim here is to investigate the electronic struc-
ture alterations that arise due to the presence of defects
and discuss their transport implications, starting from sys-
tems with single scatterers all the way up to finite defect
concentrations.

4.1 Defect modelling in graphene-based systems

As the simplest paradigm of a non-ideal lattice, vacan-
cies [28,56-60] have an extremely important interest for
the general understanding of the various defect scatter-
ing mechanisms in graphene-based systems. They can be
modelled within the nearest-neighbour TB theory either
by a local point potential ¢; — oo that is introduced on
the vacancy site, or by the prohibition of overlap interac-
tions from and to the neighbouring sites. This model gives
rise to a single semi-localized state with an exact reso-
nance at the Fermi level of the system, while neighboring
sites present a C3 point symmetry and a local magnetic
moment [28,58]. This formalism has been widely used for

Fig. 10. Schematic representation of the electron probability
density |LP2| by means of the TB model for the highest occupied
molecular orbital of a hexagonal graphene quantum dot. Two
different parametrizations of the vacancy site i are considered,
(a) t;; = 0 eV within the vacancy and the neighbouring sites 7,
and (b) t;; = 1.9 eV and ¢; = 10 eV. The radius of each circle is
proportional to the amplitude of the |LP2| value on that atomic
site.

quantum transport calculations of defected GNR [61,62]
and CNT [63] structures. However, the resonance of this
zero-energy mode is highly related to the electron-hole
symmetrical description of the bandstructure under the
TB model. Only by considering the simlest extension of
the TB description to a next-to-near interaction, the va-
lence and conduction band mirror-symmetry breaks and
the defect state looses its symmetrical allocation. First-
principles calculations have shown that the resonance of
this mode is located at energies that are lower than the
Fermi level of graphene-based structures [56,64]. More-
over, by breaking of electron-hole symmetry other semi-
localized states appear in the eigenspectrum [28], implying
that the perturbation is not only constrained to a single
energy.

A further analysis of vacancy modelling in graphene-
based structures shows that the problem of the resonant
energy for the defect states is not the only one. A com-
parison between the eigenvectors of corresponding defect
states in the case of hexagonal graphene quantum dots by
means of various ab initio and semiempirical approaches
has shown that the nearest-neighbor TB model gives rise
to an “approximate” description that can be misleading in
the case of quantum transport calculations of defected sp?
structures [64]. Such implication should impose the use
of more sophisticated tight-binding or ab initio models
for a correct evaluation of the vacancy-induced pertur-
bations, increasing though the computational load. As a
remedy, a further parameterization of the vacancy site has
been proposed [64] in order to obtain states around the
charge neutrality point which reproduce the correct sym-
metries of the ab initio calculations (see Fig. 10). The
tuned values proposed are ¢; = 10 eV for the on-site en-
ergy and t;; = 1.9 eV for the hopping parameter, with
respect to the ¢; — oo and/or the t;; = 0 eV of the non-
parameterized case. This TB calibration gives also rise to
a key conceptual issue, where vacancies behave similarly
to p-type impurities (e.g. boron), since the on-site energy
lowers from oo to a big finite value and the hopping inte-
gral raises from 0 eV to finite value [28].
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4.2 Scattering from single defects and impurities

The importance of scattering by various types of defects
and impurties in the transport properties of sp? carbon-
systems has been pointed out initially for carbon nan-
otubes [65]. There it has been observer that the effect of
just a single defect/impurity can give rise to conductance
reduction equal to a quantum unit. Such a phenomenon
would not alter the conductive character of metallic CNTs,
since their conductance plateau near the Fermi level (Ef)
is equal to two quantum units (i.e. 2Gg) [30] as a con-
sequence of symmetry-induced subband degeneracy [31].
However, in the case of metallic GNRs the subbands are
not degenerate around Er and the conductance plateau
near the Fermi level is equal to Gy. As a result, resonant
backscattering phenomena from defects in GNR structures
give rise to conductance pseudogaps [15,16,66,67] that can
be fundamental for a bandgap engineering in graphene-
based systems and a successive use as active components
in microelectronics. The objective here is to discuss the
importance of wave function localization induced by de-
fects and impurities for the electrical transport properties
of quasi one-dimensional systems and explore the mecha-
nism that gives rise to resonant backscattering phenomena
during conduction.

As a starting point for the defect scattering mecha-
nism, we consider a GNR system with a single vacancy,
whose presence gives rise to a number of quasi-localized
states within the eigenspectrum. These eigenstates have
different resonant energies, levels of localization and wave
vector composition, while they can give rise to either lo-
calized or expanded perturbations in the electronic struc-
ture of the ribbons according to their position in the GNR
structure, the width of the GNR and the confinement of
its edges [16]. The origin of this behavior can be traced
back in the electronic structure of the respective ideal sys-
tem: the shape of the GNR wave functions is confinement-
dependent, i.e. it changes for different widths and edge-
types giving rise to local alterations of the wave vector’s
value. When a defect’s location coincides with a zero (or
extremely small) wave vector value for the respective ideal
GNR, the perturbation induced on the electronic struc-
ture remains energetically constrained. Contrary, when
the defect lies in a GNR region with a finite wave vec-
tor value such perturbation expands energetically (see the
density of states according to the position of the defects
at Fig. 11). The sum of the perturbative behaviors by the
defect-induced states is the reason for electron backscat-
tering during conduction. As noticed before, the effect
has a particular significance in the conductance plateau
around Er where the scattering gives rise to transport
gaps at energies that are related to the resonances of the
defect states. The same analysis can be readily extended
to other types of in and out-of-plane defects,impurities or
adsorbates in GNRs [66-68] or CNTs [69], with a principal
differentiation: each defect-type can give rise to localized
states with distinct resonances that correspond to dips at
different energies in the conductance spectrum. This last
feature can be fundamental for the tuning of CNT/GNR
transport properties on the basis of a controlled structural

DOS

Fig. 11. (a) Conductance g and DOS as a function of energy
for a 38-aGNR with single vacancies at different positions N,.
Dashed lines show values for the respective ideal structure. (b)
Projection of the wave function corresponding to first state
below the charge neutrality level (upper) and the first state
above the charge neutrality level (lower) for a non-defected
38-aGNR.

or chemical functionalization. The role of extended de-
fects (e.g. divacancies, grain boundaries, etc.) in confined
graphene systems has not yet been thoroughly studied.
However, previous considerations should be valid also in
this case, noting that due to the spatial expansion of
these defects that usually exceeds the wave function lateral
quasi-periodicity of the respective ideal systems, backscat-
tering effects should always be present.

A reasonable question here is if and when we can quan-
tify the backscattering mechanism for various GNR and
CNT structures. The answer is simple only in the case of
GNRs with armchair edges, where an analytic expression
can be obtained for the wave functions of the ideal sys-
tems [34]. In the case of metallic aGNRs it is easy to con-
struct a simple rule: for N, = 3p+ 2 dimer lines (Vp € N),
defects at the N, = 3¢ sites do not affect the first con-
ductance plateau (Vg € N, < p), while the rest give rise
to conductance pseudogaps at energies that correspond to
the defect resonances. In the case of GNRs with zigzag
edges, the absence of a purely analytical formula for the
derivation of the wave functions makes necessary a com-
putational approach for the verification of backscattering
issues from defects. Here, for both vacancies [16] and im-
purities [66,70] can give rise to transport gaps with both
donor and acceptor characteristics (Fig. 12). It is moreover
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Fig. 12. (a) Conductance g as a function of energy for a 22-
zGNR with a single vacancy at the N, = 11 (up-left), N, =
10 (up-right), N, = 7 (down-left) and N, = 6 (down-right)
positions.

important to notice that the zigzag-edge confinement en-
hances the role of the positioning of the various defects
along the width of the structure, where backscattering ef-
fects within the entire conductance plataeu can be ob-
tained [71]. This is due to the presence of a high density
of states withthin this plataeu, where different wave vec-
tors can be perturbed according to the resonance of the
defect states. In the case of CNTs the periodic boundary
conditions of the structure (i.e. the rolling of the graphene
sheet) do not impose any differences between the various
sites of the atoms within the unit cell and therefore the
backscattering mechanism should be independent of the
position of the defect/impurity for a given CNT. Differ-
entiations in the dip resonances are expected though for
different CNTs and different types of defects [65].

Finally, defects in sp? carbon structures can be re-
lated to interesting non-equilibrium electrostatic phenom-
ena within the conduction process. It has been shown
through a self-consistent Schréedinger-Poisson method-
ology that vacancies can behave as local charging cen-
ters that can induce electrostatic inhomogeneities on the
GNR topology [16]. The magnitude of this effect is bias-
dependent, i.e. by increasing the electrode bias a more
intense electrostatic inhomogeneity pattern has been cal-
culated. This picture can be directly related to experimen-
tal measurements of the conductance in graphene sheets
with local impurities [72].

4.3 Scattering from finite defect/impurity
concentrations

An extrapolation of the results discussed in the previous
section indicates that the electronic transport behavior of
quasi-1D carbon systems could be strongly sensible to the

0
E (eV)

Fig. 13. Conductance spectra of a 35 aGNR with length L =
43 nm with different random distributions of boron impurities:
1.4%o density in bulk or edge positions (thick solid line), 1.4%o
density in edge only positions (thin solid line) 1.4% in bulk or
edge positions of the GNR (dotted line). The conductance of
a pure GNR is also shown as a reference (dashed line).

inclusion of a finite density of defects or impurities. In
the low density limit we can assume that the local alter-
ations due to the defects on the system Hamiltonian can
be independently mapped by using single defect calcula-
tions. This procedure allows to accurately evaluate the
conductance of relatively large defective systems (~pm).
In Figure 13 we show the conductance of p-doped (due to
boron inclusion) GNRs in the case of three different space
distributions of the scattering centers at a fixed density.
The alterations of the conductance are more significant
at the resonant energies; however fluctuating values of G
are calculated in the whole spectrum and the hole-electron
symmetry is, in general, broken. Similar features can be re-
covered for the CNT case [73]. As we can expect G(F) sig-
nificantly changes with the disorder realization even when
we fix the system’s size and the density of scattering cen-
ters. As a consequence, in order to correlate systematically
the conductance features to the average disorder status,
a statistical analysis is needed using a large number of
equivalent replicas of the same system.

Coherent electron transport in a 1D system is char-
acterized by the localization phenomenon firstly stated in
the Anderson’s seminal paper of reference [74]. The multi-
ple interference due to random distributed scattering cen-
ters should lead to an exponential increase of the 1D con-
ductor resistance r(F) = 1/g(FE) with its length L

(Inr(E)) =2L/¢(E) + c. (65)
The average resistance is then ruled by an energy de-
pendent single parameter (E), called localization length,
uniquely related to the disorder realization. Numerical
analyses have established that quasi-1D carbon nano-
systems are in the localization regime also for a relatively
low concentration of impurities or defects of the order
of 0.1% [15,67,74]. In particular, the exponential depen-
dence is strong (i.e the localization length is of the order
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Fig. 14. Average conductance (g) as a function of the en-

ergy E, for an N-doped N = 45 aGNR of different lengths.

Plotted values represent statistical averages over more than

500 equivalent replicas of the system. Charge neutrality points

of pure and doped systems are aligned at £ = 0 in the figure.

of 10 nms and below) in the energy region of the resonance
states.

In Figure 14 we show the (small bias) average conduc-
tance of an ideally contacted 45-aGNR doped with a 0.2%
density of nitrogen atoms and for systems with increasing
length L, from 0.1 pm to 0.8 um. An asymmetric decrease
of the average conductance due to the impurity scattering
can be observed in the whole spectrum. This behavior is
particularly important in the energy region near the sin-
gle impurity resonance states (i.e. for energies ~0.2 eV)
where a mobility gap (i.e. a region with almost null con-
ductance but with a huge density of states) appears also
for the smaller systems. We note that the ideal 45-aGNR
is a semiconductor GNR with a energy gap ~0.2 eV.

A qualitatively similar behavior has been calculated for
doped GNRs if the reference ideal system is either metallic
or semiconducting. Equivalent conductance features can
be found in an N-doped 45-aGNR and 47-aGNR (compare
e.g. Figs. 14 and 15). In the latter case the ideal system
has a quasi-metallic behavior with the first plateau of the
conductance extending for ~0.5 eV around E = 0.

In the vacancy-damaged (V-damaged) case a large mo-
bility gap appears in the negative energies region (hole
band) due to the strong backscattering of the defects
(Fig. 15 dotted line). However, apart from the intensity
of the scattering, V-defected GNR manifest the behavior
of a system doped with p-type impurities in the localiza-
tion regime.

From an analysis of the conduction spectra we can
derive same general features which can be useful for the
interpretation of electrical characterization in real GNRs.
Indeed, we note that the conduction spectrum can be mea-
sured in a three terminal configuration [75] tuning the
gate potential in order to modify the electron density in
the nanostructure. Firstly, we note the persistence of the
conduction modulation with energy in disordered systems,
related to the correspondent conductance plateaus of the
subband structure in ideal GNRs. Moreover, the effective
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Fig. 15. Average conductance (g) as a function of the en-
ergy E, for N-doped N = 45 aGNR (solid line), N-doped
N = 47 aGNR (dashed line) and V-damaged N = 47 aGNR
(points) with fixed length: L ~ 0.21 pym. Plotted values rep-
resent statistical averages over more of 500 equivalent replicas
of the system. Charge neutrality points of pure and defected
systems are aligned at £ = 0 in the figure.
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Fig. 16. Conductance fluctuation o as a function of the en-
ergy E, for N-doped N = 45 aGNR (solid line), N-doped
N = 47 aGNR (dashed line) and V-damaged N = 47 aGNR
(points) with fixed length: L ~ 0.21 pum. Plotted values rep-
resent statistical averages over more of 500 equivalent replicas
of the system. Charge neutrality points of pure and defected
systems are aligned at £ = 0 in the figure.

transmission in the subbands is strongly reduced due to
the localization effects with a more significant suppression
of the transparency in the energy region where resonance
states are located. Finally, the general occurrence of a mo-
bility gap can be hardly distinguished by the gap due to
the geometrical confinement in semiconductor GNRs, if
conductance measurements are not accompanied by den-
sity of states measurements. A distinguished signature of
the mobility gap, due to its backscattering origin, is the
correspondent huge value of the conductance fluctuations

o? = (In(g)*) — (In(9))”. (66)
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In order to demonstrate this statement we have plotted in
Figure 16 the statistically evaluated conductance variance
for the same cases of Figure 16: in the quasi-metallic sys-
tems the conduction depletions are systematically linked
to a variance peaks, while the variance in the standard
gap of the semiconductor GNRs does not show particular
features.

5 Role of contact bonding

A key issue for the integration of quasi 1D carbon sys-
tems in devices is their interaction with the metallic elec-
trodes. By itself the concept of low-dimensionality en-
hances the role of the contact with respect to traditional
devices, since electrons have to transmit from a big num-
ber of modes present in the metallic electrode to the small
number present in the channel material, before exiting
again towards the second electrode [24]. Hence, consider-
ing coherent regimes, a great part of the scattering mech-
anisms should derive from the interaction between the
channel material and the metallic contacts. The aspects
of this interaction can be multiple: equilibrium and non-
equilibrium electrostatics, chemical bonding issues and
geometrical reconstructions. In this paragraph we will try
to briefly discuss these issues for CNT and GNR struc-
tures.

5.1 Electrostatic considerations

A first attempt to evaluate the transport properties of
carbon nanotubes in contact with a material of a differ-
ent work function was through the study of CNT junc-
tions [76,77]. From these studies an important electro-
static aspect that characterizes 1D systems came to light,
i.e. a long-range Coulomb interaction that gives rise to
very long depletion tails in the charge distribution. Such
feature can fundamentally modify the charging interac-
tions with respect to conventional semiconductor het-
erostructures. The equilibrium electrostatic scenario in the
case of a metal-CNT junction also provides for the exis-
tence of typical band bending phenomena due to work
function differences that can give rise to conductance
asyminetries in an otherwise quasi-symmetrical spectrum
around the Fermi level [77-79]. A further electrostatic
aspect at non-equilibrium conditions recognises the dif-
ference in the potential screening on the basis of the
CNT diameter [80] and the conductive character of the
CNT/GNR [81,82]. In both cases the presence of a higher
density of states in the carbon structure gives rise to a
faster screening near the contact. However, the descrip-
tion of a metal-CNT or similarly a metal-GNR junction
on the basis of purely electrostatic criteria misses some
important information on the aspects of a realistic recon-
struction of a metallic electrode: (a) the coupling between
the metal and the carbon atoms, and (b) the role of the
geometrical and topological characteristics of the junction.
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Fig. 17. (a) Transmission coefficient, (b) total density of states
and (c) real-space band formation along the GNR length for
a semiconducting 16aGNR contacted with Au. Dashed lines
represent the transmission coefficient of the respective ideally
contacted aGNR.

5.2 A combined electrostatic/chemical picture

In order to address the combined chemical/electrostatic
problem here we discuss the low-bias transport properties
of a junction between a semiconducting GNR and a gold
electrode, as seen in Figure 17. Simulations are based on
an atomistic Schroedinger /Poisson scheme that addresses
the effects of charging as well as bonding interactions [82].
As a first response to the difference between the work
functions ¢ of the electrode and the GNR (¢4, > danr
in this case), upwards band-bending phenomena can be
observed near the metal-aGNR interface. Band-bending
is not uniform though for the conduction and the valence
bands. The reason can be traced in a quantum interfer-
ence mechanism where wavelike patterns appear in the
band formation of the junction (Fig. 17c) due to the re-
flection of the incident electron wave by the non-ideal con-
tact [83]. Such patterns shift upward for the conduction
band and downward for the valence band, and respond dif-
ferently in the presence of the electrostatic field induced
by the interface charging. For the conduction band, both
the electrostatic field and the interference pattern have
a similar upward direction. Hence, the whole band bends
smoothly giving rise to a state-free zone near the interface.
For the valence band instead the apparent opposite direc-
tions of the electrostatic field and the interference pattern
give rise to local minima and maxima in the band scheme
that become discrete localized states inside the bandgap
(see Fig. 17c). In addition, metal-induced gap states, i..e.
tails of the wave functions of the metallic contact that
decay in the semiconducting gap, form throughout the in-
terface. Moreover, the Fermi level of the combined system,
although still within the bandgap, looses the midgap posi-
tion of the ideal (non-contacted) aGNR and moves toward
the valence band. The influence of all these features for the
conduction mechanism are seen with the calculation of the
transmission coefficient for the heterosystem in compari-
son with that of the ideal system (Fig. 17a). From this
picture a low Schottky barrier with respect to the valence
band emerges (of the order of 0.2 ¢V for this heterosys-
tem). Consequently, the distance between the Fermi level
and the conduction band increases. Moreover, the conduc-
tion band charge flow is strongly suppressed, giving rise to
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Fig. 18. Conductance as a function of energy for a N, =
14 aGNR (left column) and a N, = 16 aGNR (right column)
contacted with: (a, b) Au, (c, d) Pd, (e, f) Pt, (g, h) Al. Dashed
lines show ideal conductances for the respective aGNRs.

a selective loss of the conductance quantization informa-
tion that is typical of the 1D subbands in GNR structures.
This behavior is related with the state-free zone near
the interface as discussed previously. The combination of
Fermi level shifting toward the valence band and the con-
ductance suppression due to band-bending is the reason
for the asymmetric form of conductance distribution.

A similar picture arises when the work function of the
metal is lower than that of the GNR, with the only dif-
ference that the bands now bend downward whereas the
Fermi level shifts toward the conduction band. This shift
is even more important when the junction is comprised of
a metal and a metallic GNR (or CNT). In this case, in ad-
dition to the electrostatic and the chemical aspects of the
heterostructure, important doping features arise (p-type
when ¢metal > ¢GNR and n_type when ¢metal < (bGNR)-
Effective doping therefore is a fundamental aspect of metal
contacted GNRs/CNTs that finds also experimental veri-
fication [84,85].

Bonding between the metallic contact and the carbon
structure acts complementary to the electrostatic features.
Figure 18 shows the influence of chemical bonding in the
conduction characteristics of a metallic (14 aGNR) and
a semiconducting (16 aGNR) ribbon contacted with Au,
Pd, Pt and Al electrodes, within self-consistent atomistic
EHT calculations. Higher work function metals with re-
spect to the GNR (i.e. Au, Pd and Pt) give rise to qual-
itatively similar transport characteristics that originate
from the electrostatic aspect of the heterojunctions, as dis-
cussed earlier. However, only Au seems transparent near
the Fermi level with the conductance arriving at the 1Gj
plateau of the ideal case, whereas Pd and Pt are slightly
less transparenct for this energy zone. On the other hand,
for the valence band, transparency above the first con-
ductance plateau is improved for Pd and Pt, which show
a smaller extent of conductance fluctuations with respect
to Au. A pronounced case of the importance of inter-
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Fig. 19. Non-equilibrium current-voltage characteristics for a
N, = 16 aGNR contacted with Au, Pd and Al for drain-to-
source biases Vps = 0—1 V.

face chemical coupling though is that of the low work
function Al electrode (Figs. 18g, 18h). Here, despite the
contact-induced n-type doping (for the 14 aGNR) and
the ambipolar Schottky behaviour (for the 16 aGNR),
the dominant aspect that characterizes conduction is the
strong scattering by the contacts. Indeed, in the AI-GNR
system contact resistance constitutes the main factor of
conductance suppression with respect to the ideal case,
with half-blocked conduction channels and overall conduc-
tance degradation throughout the energy spectrum. The
previous discussion is supported by the current-voltage
characteristics of the metal — 16 aGNR junction (Fig. 19).
Typical Schottky-diode characteristics are obtained with
the high work function Au and Pd electrodes. Larger cur-
rent values obtained for a negative bias in the case of Pd
with respect Au are due to its slighter more pronounced
p-type character. Al instead does not reproduce diode-like
characteristics whilst on-off current ratios are too small
for device operation.

5.3 Geometrical considerations

Another important aspect of the metal-carbon interaction
are the geometrical characteristics of the junctions. These
can be widely defined by the equilibrium relaxation of the
carbon atoms in the case of contacts that are deposited
on the CNT or the GNR structure and vice-versa (i.e.
the side-contact scheme [86]). However, serious consider-
ations have been raised for the efficacy of side-contacts
in terms of chemical bonding with sp? carbon allotropes
(e.g. due to an insufficient bonding between the two parts
of the heterostructure [87]), whereas end-contacts could
ideally resolve these issues [88]. Moreover, there are ex-
amples of transport measurements where the contact is
a microscope tip that simply “touches” the ends of the
nanostructure [89]. In this case the role of the geomet-
rical reconstruction of the interface becomes crucial for
the transport properties of the system. A simple example
can be considered with metallic tips that approach the
open end of a CNT structure (see Fig. 20a). Here, by in-
creasing the tip-CNT distance by only a few A important
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Fig. 20. (a) An 8-unit-cell long (10, 0) CNT end-contacted
with Au(111) metallic electrodes. (b) Transmission as a func-
tion of energy for four snapshots of a (10, 0) 8-unit-cell system

with a varying contact-tube distance of 2 A, 1.5 A, 1 A and
0.5 A.

alterations in the conductance features can be observed,
by means of an overall reduction of the transmission co-
efficient. Moreover the placement of the metallic tip at
a position that does not guarantee the full saturation of
the interface carbon bonds can lead to the introduction of
dangling bond states at the vicinity of the Fermi level that
in the case of short tubes can even become conductive (see
Fig. 20a for a 2 A distance). On the other hand, once a
strong interface coupling between the metal and the car-
bon structure has been achieved, small atom dislocations
and interface disorder are not expected to significantly al-
ter the transport features [30].

5.4 Non-equilibrium charging

Apart from the equilibrium aspects of electron charging
in metal-CNT/GNR heterostructures (e.g. Schottky-type
barriers), electron-electron interactions are also present
under non-equilibrium conditions due to the application
of bias in the source and drain electrodes. Ideally, in
this case the non-equilibrium electrostatics could be de-
fined by a simple Laplace potential term with bound-
ary conditions that are defined by the applied bias. How-
ever, this picture ignores the role of the accumulation of
charges (both on the device and on the electrode part
of the heterojunction). In this case a correct treatment
of the non-equilibrium electrostatics in these systems re-
quires the integration of Laplace, Poisson and Image terms
in the description of the dynamic electron-electron pic-
ture [90-92]. Accounting for these aspects can have an
important repercussion in the current-voltage character-
istics when the device works in the high-bias regime (e.g.
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Fig. 21. Geometry, transmission coefficient, and local density
of states evaluation as a function of energy and position along
the CNT axis for a (8, 0) zCNT contacted with Au. The applied
biases are 0 V (shaded area) and 2 V (black line).

Vbps ~ 3 V). It has been calculated that for CNT [91,92] or
GNR [93] structures the current-carrying capacity can be
significantly reduced due to the accumulation of charges
at the interface that gives rise to a tracking relationship
between the electrochemical potentials of the contacts and
the local density of states of the device (see Fig. 21).
Enhanced charging at high-bias regimes should act in
conjunction with the intrinsic resistance of the metal-
carbon junction, further reducing the probability of elec-
tron transmittance in these systems.

6 Polaronic transport in carbon chains

As we have discussed in Section 2, the electronic struc-
ture of carbon chains is strongly interconnected to the de-
formation status: dimerized chains have a semiconductor
(insulator) character while undimerized chains are metal-
lic. The stability of one atomic configuration with respect
to the other results in a completely different electrical be-
havior for the same system. This aspect belongs to a more
general issue: i.e. the modification of the bare electronic
properties (e.g. effective mass, energy bands) due to the
electron-phonon interaction or, more concisely, the pola-
ronic effects.

Whilst the seminal investigations on the polaronic ef-
fects are contemporary with the birth of the modern solid
state physics [94], the study of the polaronic effects in the
electronic transport for nano or molecular systems is a
new and intriguing research field. This field has been also
stimulated by a series of experiments which have demon-
strated, in a wide class of structures, that molecular de-
vices could manifest non-linear transport behavior (e.g.
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negative differential resistance (NDR) or switching) also
caused by atomic configuration changes [95,96].

A theory (still under development) for the complete
understanding of anomalous phonon driven electron dy-
namics should be based on the non-pertubative (e.g.
variational) study of coupling between local vibrations and
electrons [97]. In this sense the phonon scattering is not
responsible for the diffusive transport, but it rules the dis-
tribution in energy of the electronic levels responsible for
the conduction in the device. As a consequence, a pola-
ronic transport theory is again related to the coherent
electron transport topic and can be properly formulated
extending the single-particle scattering method. As it will
be clear, the method is consistent with Laundauer’s ap-
proach to the electronic transport and, of course, it relies
on the same general framework.

6.1 The non-equilibrium polaronic theory

In the polaron theory, the system Hamiltonian including
electron-phonon coupling is approximated using a suit-
able ansatz for the phonon quantum variables. In gen-
eral the procedure results in the reduction of the origi-
nal Hamiltonian to an effective pure electron one H{u;}
where the effects of the phonon quantum variables are
taken into account by means of a given set {u;} of vari-
ational variables. This procedure is rather simple in the
adiabatic approximation where the set {u;} practically co-
incides with nuclear (quasi classical) coordinates (see e.g.
Sect. 2); whilst the theory requires a complex ansatz (i.e.
additional varational variables) away from the adiabatic
limit [95].

If we can neglect electron-electron interactions, or if
we can approximate them applying a single particle mean-
field scheme, we can formulate the equilibrium polaronic
theory, for a system in contact with a particle’s reservoir
at temperature T and chemical potential u, on the basis
of the free energy functional [98]

Qu{ui} = —k:T/ln [1+exp(u —€e/kT)|n (e,{u;})de

+Up {uz} + Ny (67)
here Ny is the total number of electrons ruled by u,
n(e,{u;}) is the density of states at the energy e and
Ugn{u;} an eventual term independent on the electron oc-
cupancy. The best variation estimate of {u;} can be ob-
tained solving the electron problem consistently with the
extreme conditions 042, {u;}/d{u;}, which give the stable
and metastable equilibrium states of the system.
Extensions of the variational equation to the non-
equilibrium case have been proposed [96] and applied to
the electron transport based on the concept of electron oc-
cupancy in non-equilibrium conditions. These extensions
have not a general validity since the variational equations
can be explicitly formulated in terms of the electron occu-
pancy only in particular cases. A more general approach

can be obtained by means of a direct numerical minimiza-
tion procedure based on an extension of the Mermins func-
tional (Eq. (67)). In the non-equilibrium case, the system
is in contact with two leads (i.e. with two independent
particle reservoirs) at chemical potentials py, and pg. Ac-
cording to Landauer’s scheme of the electron transport
in the stationary coherent case (see Ref. [24]), the device
states are populated by electrons (+k states) with a en-
ergy distribution np, (e, {u;} = Tr(GI'LG")/2m at equilib-
rium with the left contact and by electrons (—k states)
with an energy distribution ng(e, {u;}) = Tr(GI'rRG") /27
at equilibrium with the right contact. In this scheme, fol-
lowing the Gibbs prescription, we could assume that py,
and p g are the natural variables to allow for charge fluctu-
ation in the device for +k and —k states respectively. The
same interpretation is given for the chemical potential p in
the equilibrium case when the system is in contact with a
single particle reservoir. As a consequence the (quasi) free
energy functional for the +k (—k) electron states should
have a Mermin like expression ruled by the lead chemical
potentials

Py un iy = U {wi} + poNp + prNr
- kT/hl [1+exp (ur —€¢/kT)|np (e, {u;}) de

- kT/ln [1+exp(ur —€/kT)|ng (e, {u;})de (68)

where for symmetry considerations pur Ny = purNp =
No/2. Note that, considering the identity G(I'y +1'r)GT =
i(G — G1), the functional of equation (68) reduces to equa-
tion (67) when p;, = pur = p. In the coherent station-
ary case the current can be calculated by means of the
Landauer expression

I— 2;/00 T (e, {ui}) (i — fr) de (69)

— 00

where the transmission is formally similar to equa-
tion (47).

6.2 Insulator-metal transition in biased carbon chains

The variational method introduced in the previous para-
graph can be applied to investigate the transport behav-
ior of carbon chain based two terminal devices. The sys-
tem consists in a chain of N carbon atoms coupled by
means of the first (n = 1) and last (n = N) atoms to two
semi-infinite metallic leads. We can assume that a reliable
model for this system is the extension of the Hamiltonian
equation (18) including the contacts and the device con-
tact coupling

H [un] + Z E(k)CL)gck,o + Z chL)acLl,g + h.c.
ke{L,R},o ke{L},o
+ Z chch,o-chlvU + h.c. (70)
ke{R},o
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Fig. 22. Transmission (color scale in Go units) as a function of
the applied voltage V and energy E for N = 16 (a) and N = 30
(b) carbon chains contacted with (111) gold leads. (¢, d) BLA
as a function of V for the same systems.

where k runs over the band states of the left (L) and
right (R) contacts and Vj, are the device-leads coupling
parameters.

In Figures 22a, 22b the calculated transmission
T(E,V) as a function of the applied bias V and the
energy F is shown for the N = 16 and N = 30 sys-
tems respectively, contacted with a (111) gold leads. At
zero voltage the transmission is practically zero in the
gap region while it is characterized by a sequence of
peaks reaching a value ~2G, for energy larger (smaller)
than the LUMO (HOMO) level. The dimerization gap
A(N = 16) = 2.75 eV, AN = 30) = 242 eV is al-
most identical to the equilibrium one also at low bias. In
the V. = 1.7—-1.9 V region the gap value shows a dis-
continue decrease and it gradually disappears for larger
biases where the system has a metallic-like transmission.
The gap reduction is consistently related to a BLA reduc-
tion (i.e. to a polyyne-cumulene transition) and A pro-
gressively tends to zero for large V' (Figs. 22¢, 22d).

The non equilibrium variational model predicts current
voltage characteristics for the C chains systems showing a
insulator-metal like transition. This feature is evident in
Figure 23 where the calculated I-V curves (solid lines) for
the N = 16 (Fig. 23a and N = 30 (Fig. 23b systems are
shown. Note that, as we could expect, a classical diode-
like characteristic is derived when the transmission is cal-
culated using the equilibrium estimate for the variational
variables (dashed lines in Fig. 23).

The predicted behavior of the C chain under bias is
related to a configuration change due to non-equilibrium
charging which could more generally emerge in a molecu-
lar device when the atomic configuration of the molecule
is consistently related to a given electron distribution in
the molecular orbitals. In the case of a carbon chain the
biasing competes with the mechanism on the basis of the
Peierls instability: the non-equilibrium electron charging
of the chain makes the dimerized state progressively less
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Fig. 23. Self-consistently calculated current voltage character-
istic (solid-line) for carbon chains with N = 16 (a) and N = 30
(b) atoms contacted with (111) gold leads. I-V characteristics
calculated without self-consistency are also shown (dashes).

favored until both BLA and the gap are strongly reduced.
These anomalous non-equilibrium effects could be easily
verified in C chain based devices.

This variational method can be extended also to the
phonon-variables and it can be easily applied in any
calculation based on the Born-Oppenahimer (BO) approx-
imation (e.g. DFT). Considering these results, the esti-
mate of transport characteristics could be crucially modi-
fied including this correction. Moreover, the method could
be also applied away from the BO limit [7] since it is not
limited to the typology of the variational variables. In this
sense also the inclusion of the electron-electron interac-
tions in the method could be also of interest since a gap
closing mechanism has been recently reported due to pure
electron correlation [19)].

7 Discussion

As a vastly expanding field, the use of carbon ribbons,
tubes or chains in nano-electronics presents a series of ad-
vantages with respect to the current semiconductor tech-
nology: intrinsic low-dimensionality, mechanical stability
and elasticity, exceptional electrical, optical and thermal
properties to name but a few. On the other hand, the
same extreme manifestation of low-dimensionality (i.e. an
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one-atom-thickness) implies that the potential device in-
tegration of these materials is subject to understanding
and controlling both internal and external sources of per-
turbation. In this Colloquium we have discussed how vari-
ous sources of non-ideality in these materials can influence
their conduction characteristics. Defects and impurities
can give rise to transport gaps, and in higher concen-
trations, to strong conductance fluctuations and an over-
all suppression of the electron transmission. Metallic con-
tacts can act as important scattering and doping centers
that can induce conductance asymmetries and electro-
static barriers. Finally, by itself the application of bias can
give rise to non-equilibrium resistive phenomena and in
the particular case of carbon chains also to metal-insulator
transitions.

A further theoretical investigation on the sources of
non-ideality in sp? carbon-based devices should take place
in the future, since experimental evidence indicates that
disorder and environmental interactions are the most im-
portant factors that hinder the ideal transmission of elec-
trons in these systems. Toward this direction, a key aspect
that should be included in the definition of the theoreti-
cal problem is the interaction between the carbon struc-
ture and the substrate [99,100]. In fact, quantum trans-
port calculations for GNR structures epitaxially grown on
SiC substrates have shown that their conductive behavior
can significantly vary with respect to their ideally free-
standing counterparts [101]. From a methodological point
of view, multidisciplinary approaches could evidence im-
portant aspects of device operation for such systems. As
an example, answers to simple questions like, “how stable
is a graphene nanoribbon device at high temperatures?”,
could be affronted within combined molecular dynamics
and quantum transport calculations for the verification of
conductance fluctuations with respect to defect metasta-
bility. Finally it should be noted that a further effort in
order to implement scaling and optimization techniques in
quantum transport codes is necessary for a more efficient
application of theoretical models over experimental data.

The authors would like to acknowledge the European Sci-
ence Foundation (ESF) under the EUROCORES Programme
EuroGRAPHENE CRP GRAPHIC-RF for partial financial
support.
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