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Abstract. Carbon nanotubes (CNTs) and graphene nanoribbons (GNRs) represent a novel class of low-
dimensional materials. All these graphene-based nanostructures are expected to display the extraordinary
electronic, thermal and mechanical properties of graphene and are thus promising candidates for a wide
range of nanoscience and nanotechnology applications. In this paper, the electronic and quantum transport
properties of these carbon nanomaterials are reviewed. Although these systems share the similar graphene
electronic structure, confinement effects are playing a crucial role. Indeed, the lateral confinement of charge
carriers could create an energy gap near the charge neutrality point, depending on the width of the rib-
bon, the nanotube diameter, the stacking of the carbon layers regarding the different crystallographic
orientations involved. After reviewing the transport properties of defect-free systems, doping and topo-
logical defects (including edge disorder) are also proposed as tools to taylor the quantum conductance in
these materials. Their unusual electronic and transport properties promote these carbon nanomaterials
as promising candidates for new building blocks in a future carbon-based nanoelectronics, thus opening
alternatives to present silicon-based electronics devices.

PACS. 61.46.-w Structure of nanoscale materials – 73.63.-b Electronic transport in nanoscale materials
and structures

1 Introduction

Carbon nanomaterials reveal a rich polymorphism of var-
ious allotropes exhibiting each possible dimensionality:
fullerene molecule (0D), nanotubes and graphene ribbons
(1D), graphite platelets (2D), and nano-diamond (3D) are
selected examples. Because of this extraordinary versa-
tility of nanomaterials exhibiting different physical and
chemical properties, carbon nanostructures are playing an
important role in nanoscience and nanotechnology.

The fundamental building block in these carbon nanos-
tructures (except for sp3 diamond) relies on the theoret-
ical concept of the graphene sheet. Indeed, graphene is
the name given to a perfect infinite single layer of sp2-
bonded carbon atoms densely packed into a benzene-ring
structure. This ideal 2D solid has thus been widely used
to describe properties of many carbon-based materials, in-
cluding graphite (where a large number of graphene sheets
are stacked), nanotubes (where graphene sheets are rolled
up into nanometer-sized cylinders), large fullerenes (where
graphene sheets contain at least 12 pentagons displaying a
spherical shape), and ribbons (where graphene is cut into
strips). Planar graphene itself was presumed not to exist
in the free state, being unstable with respect to the for-
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mation of curved structures, such as soot, fullerenes, and
nanotubes.

However, a couple of years ago, researchers went on
to actually prepare graphene by mechanical exfoliation
(repeated peeling or micromechanical cleavage) of bulk
graphite (highly oriented pyrolytic graphite: HOPG) [1,2]
or by epitaxial growth through thermal decomposition of
SiC [3]. Such a discovery of a simple method to transfer a
single atomic layer of carbon from the c-face of graphite
to a substrate suitable for the measurement of its elec-
trical properties has led to a renewed interest in what
was considered to be a prototypical, yet theoretical, two
dimensional system. Graphene displays, indeed, unusual
electronic properties arising from the confinement of elec-
trons in two dimensions and peculiar geometrical sym-
metries. Indeed, old theoretical studies of graphene [4,5]
reveal that the specific linear electronic band dispersion
near the Brillouin zone corners (Dirac point) gives rise to
electrons and holes that propagate as if they were massless
Fermions, with a velocity on the order of one hundredth of
the velocity of light. Charge excitations close to the Fermi
level can thus be formally described as massless relativistic
particles obeying a Dirac equation, whereas a new degree
of freedom reflecting inherent symmetries (sublattice de-
generacy) appears in the electronic states: the pseudospin.
Because of the resulting pseudospin symmetry, electronic
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Fig. 1. (Color online) Illustration of the carbon valence orbitals (a): the three σ orbitals in graphene and the π orbital
perpendicular to the sheet. The σ bonds in the carbon hexagonal network strongly connect the carbon atoms and are responsible
for the binding energy and the elastic properties of the graphene sheet. The π bonds are perpendicular to the surface of the
sheet. The corresponding bonding and the anti-bonding σ bands are separated by a large energy gap of ∼12 eV (b), while the
bonding and anti-bonding π states lie in the vicinity of the Fermi level (EF ). Consequently, the σ bonds are frequently neglected
for the prediction of the electronic properties of graphene around the Fermi energy.

states turn out to be particularly insensitive to external
sources of elastic disorder (topological and electrostatic
defects) and, as a result, charge mobilities in graphene
layers as large as 105 cm2 V−1 s−1 have been reported
close to the Dirac point [1]. In addition, in suspended
graphene, the minimum conductivity at the Dirac point
approaches a universal (geometry independent) value of
4e2/πh at low temperature [7]. Low temperature electron
mobility approaching 2× 105 cm2 V−1 s−1 were measured
for carrier density below 5 × 109 cm−2. Such values can-
not be attained in conventional semiconductors. In addi-
tion, graphene has been shown to exhibit anomalous quan-
tum transport properties such as an anomalous integer
quantum Hall effect [8,9], but also one of the most exotic
and counterintuitive consequences of quantum electrody-
namics: the unimpeded penetration of relativistic particles
through high and wide potential barriers, known as the
Klein paradox [10]. These discoveries have stirred a lot of
interest in the scientific community as well as in the inter-
national media. The excitement behind this discovery has
two main driving forces: basic science and technological
implications [11]. Because of its high electronic mobility,
structural flexibility, and capability of being tuned from
p-type to n-type doping by the application of a gate volt-
age, graphene is considered a potential breakthrough in
terms of carbon-based nano-electronics.

The goal of this paper is thus to review the electronic
states of 2D graphene and to understand how these spe-
cific properties are conserved or modified in 1D nanostruc-
tures such as carbon nanotubes and graphene nanorib-
bons. In the following, the first section is devoted to an
overview of the electronic properties of graphene using a
simple nearest neighbor tight-binding model. A descrip-
tion of how ab initio calculations modify this approach
is also presented. In the second part, quasi-1D struc-
tures, known as graphene nano-ribbons (GNRs), are il-
lustrated, focusing on the appearance of energy gaps that
increase with the width reduction, opening the possibil-
ity for bandgap engineering through confinement effects.
These GNRs structures turn out to share some strong ge-
ometrical similarities with carbon nanotubes (CNTs), of-
ten viewed as resulting from a rolling up procedure from

a graphene ribbon, as presented in Section 3. Carbon
nanotubes (CNTs) are shown to exist in two flavors, re-
spectively metallic or semiconducting depending on their
helical symmetry. Metallic tubes usually display excep-
tionally large mean free path and very low resistance close
to the theoretical limit of the quantum resistance (h/e2),
because of pseudospin symmetry and poor efficiency of
elastic backscattering. Semiconducting tubes show an en-
ergy gap downscaling with their diameter.

Chemical doping and defects in graphene based ma-
terials are currently being actively explored as a poten-
tial source of innovation to taylor the electronic proper-
ties of these nanostructures. Such novel class of hybrid
carbon-based nanomaterials are thus available either to
study quantum charge transport phenomena in complex
systems, or to engineer novel functions to improve or com-
plement the silicon-based CMOS technologies. Their prop-
erties remain to be fully characterized through proper ex-
perimental techniques and simulations tools which should
play a key role in their unambiguous prediction.

2 Electronic properties of graphene

Graphene is the ideal bidimensional (2D) allotropic form
of carbon where the atoms are periodically arranged in an
infinite hexagonal network (Fig. 1a). Such an atomic struc-
ture is characterized by two types of bonds and exhibits
the so-called planar sp2 hybridization. Indeed, among the
four valence orbitals of the carbon atom (the 2s, 2px,
2py and 2pz orbitals, where �z is perpendicular to the
sheet), the (s, px, py) orbitals combine to form the in-
plane σ (bonding or occupied) and σ∗ (anti-bonding or
unoccupied) orbitals. Such orbitals are even with respect
to the planar symmetry. The σ bonds are strong covalent
bonds responsible for most of the binding energy and for
the elastic properties of the graphene sheet (Fig. 1a). The
remaining pz orbital, pointing out of the graphene sheet
(Fig. 1a), is odd with respect to the planar symmetry and
cannot couple with the σ states. The lateral interaction
with neighboring pz orbitals (labeled the ppπ interaction)
creates the delocalized π (bonding) and π∗ (anti-bonding)
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Fig. 2. Basis vectors in the hexagonal lattice of graphene (a) and the corresponding Brillouin zone (b). The reciprocal basis

vectors read: �b1 = b(1/2,
√

3/2) and �b2 = b(1/2,−√
3/2), with b = 4π/a

√
3 where a =

√
3aCC and aCC = 1.42 Å is the

carbon-carbon distance in graphene.

orbitals [4]. Graphite is comprised of coherently stacked
layers of graphene. Two layers are needed to define the
unit cell in graphite since the two sheets are translated
from each other by a C–C distance (aCC = 1.42 Å). The
three-dimensional structure of graphite is therefore held
together by weak interlayer van der Waals forces including
some electronic delocalization [12]. These π bonds, per-
pendicular to the graphene sheet, are responsible for this
weak interaction between carbon layers in graphite.

The electronic structure of graphene can be described
using a rather simple tight-binding Hamiltonian, leading
to analytical solutions for their energy dispersion and re-
lated eigenstates [13]. Since the bonding and anti-bonding
σ bands are well separated in energy (>12 eV at Γ ), they
are frequently neglected in semi-empirical calculations as
they are too far away from the Fermi level to play a role
(Fig. 1b). Only the remaining two π bands are thus needed
to describe the electronic properties of graphene [4] and
graphite [5]. Indeed, the bonding π- and anti-bonding car-
bon π∗-orbitals do form wide electronic valence and con-
duction bands (Fig. 1b) which cross the Fermi level at
high-symmetry points in the Brillouin zone of graphene,
as briefly discussed in the following.

The graphene plane is an hexagonal lattice with two
atoms per unit cell (A and B) and a basis defined by
the vectors (�a1,�a2) (Fig. 2a). The underlying symmetry
of graphene and the presence of these two A–B sublat-
tices will have strong influence on the transport proper-
ties of this 2D system. The condition �ai · �bj = 2πδij al-
lows one to obtain the reciprocal lattice vectors (�b1,�b2)
(Fig. 2b). When the atoms are placed onto the graphene
hexagonal lattice (Fig. 2a), the electronic wavefunctions
from different atoms overlap. However, such an overlap be-
tween the pz orbitals and the s or the px and py electrons
is strictly zero by symmetry. Consequently, the pz elec-
trons, which form the π bonds in graphene, can be treated
independently from the other valence electrons. Within
this π-band approximation, the A atom (or B atom) is
uniquely defined by one orbital per atom site pz(�r − �rA)
(or pz(�r − �rB)).

To derive the electronic spectrum of the total
Hamiltonian, the corresponding Schrödinger equation has
to be solved, and by applying the Bloch theorem, the
wavefunctions can be written as follows:

Ψ(�k,�r) = cA(�k)p̃A
z (�k,�r) + cB(�k)p̃B

z (�k,�r) (1)

with

p̃A
z (�k,�r) =

1√
Ncells

∑

��

ei�k.��pz(�r − �rA − ��) (2)

p̃B
z (�k,�r) =

1√
Ncells

∑

��

ei�k.��pz(�r − �rB − ��) (3)

where �k is the electron momentum, Ncells the number of
unit cells in the graphene sheet, and �� the cell position
index. The spectrum is derived by solving the Schrödinger
equation that reduces to a 2 × 2 matrix diagonalization:

(HAA − E HAB

HBA HBB − E

)
(4)

where the matrix elements are defined as:

HAA(�k) =
1

Ncells

∑

��,��′

ei�k.(��′−��)〈pA,��
z | H | pA,��′

z 〉 (5)

HAB(�k) =
1

Ncells

∑

��,��′

ei�k.(��′−��)〈pA,��
z | H | pB,��′

z 〉 (6)

with the notation: pA,�τ
z = pz(�r − �rA − �τ) and pB,�τ

z =
pz(�r − �rB − �τ ). Here, the overlap matrix elements S have
been neglected, where S = 〈p̃A

z |p̃B
z 〉 between neighbor-

ing p̃z orbitals (neglect of overlap integrals defines the
so-called orthogonal tight-binding schemes). After simple
manipulations, and by restricting the interactions to first-
nearest-neighbors only, one gets:

HAB(�k) = 〈pA,0
z |H|pB,0

z 〉 + e−i�k.�a1〈pA,0
z |H|pB,−�a1

z 〉

+ e−i�k.�a2〈pA,0
z |H|pB,−�a2

z 〉 = −γ0α(�k) (7)
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Fig. 3. (Color online) Graphene π and π∗ electronic bands. In
this simple approach, the π and π∗ bands are symmetric with
respect to the valence and conduction bands. Linear dispersion
relation close to the K (white dots) and K′ (black dots) points
of the first 2D Brillouin zone are illustrated using the Dirac
cone.

with γ0 the transfer integral between first neighbors π or-
bitals (typical values for γ0 are 2.9–3.1 eV, Ref. [5,14]),
α(k) = (1 + e−ik.a1 + e−ik.a2) and 〈pA,0

z |H|pA,0
z 〉 =

〈pB,0
z |H|pB,0

z 〉 = 0 as the energy reference. The dispersion
relations are then readily obtained:

E±(�k) = ±γ0

×
√

3 + 2 cos(�k.�a1) + 2 cos(�k.�a2) + 2 cos(�k.(�a2 − �a1)) (8)

which can be further developed as

E±(kx, ky) = ±γ0

×
√

1 + 4 cos
√

3kxa

2
cos

kya

2
+ 4 cos2

kya

2
(9)

by setting a =
√

3aCC (aCC = 1.42 Å is the carbon-carbon
distance in graphene). The �k = (kx, ky) vectors that be-
long to the first hexagonal Brillouin zone (BZ) constitute
the ensemble of available electronic momentum.

With one pz electron per atom in the π−π∗ model (the
three other s , px , py electrons fill the low-lying σ band),
the (–) band (negative energy branch) in equation (9) is
fully occupied, while the (+) branch is empty. These oc-
cupied and unoccupied bands cross at the K or K ′ points
which are connected by time reversal symmetry. It is easy
to verify that α(�k = K) = α(�k = K ′) = 0. The Fermi
level EF (or charge neutrality point) is therefore the zero-
energy reference in Figure 3 and the Fermi surface is de-
fined by the set of K and K ′ points. Since occupied and
unoccupied bands do cross, the graphene sheet displays a
metallic (zero gap) character. However, as the Fermi sur-
face is of zero dimension (since it is reduced to a discrete
and finite set of points), the term semimetal with no over-
lap or zero-gap semiconductor is usually used. In addition,
the π-band electronic dispersion for graphene near these
six corners of the 2D hexagonal Brillouin zone is found to
be linear. The electronic properties of graphene can thus
be described by an effective massless Dirac fermion model

in the vicinity of the charge neutrality point, with lin-
ear dispersion and electron-hole symmetry. These “Dirac
cones” of carriers (holes and electrons) appear in the cor-
ners of the 2D Brillouin zone whose points touch at the
Fermi energy, as illustrated in Figure 3. The six points
where the Dirac cones touch are referred to as the Dirac
points.

This simple orthogonal tight-binding model [4] yields π
and π∗ zone-center Γ energies which are symmetric (±γ0)
with respect to EF . In fact, the anti-bonding (unoccupied)
π∗ bands are located at an higher energy if the overlap
integral S is not set to zero (as illustrated in Fig. 1b).
A better (but more complicated) π−π∗ parametrization,
could lead to analogous results [15], as well as in the case
of more accurate first-principles calculations.

In the present paper, the ab initio ground-state prop-
erties of graphene (as well as for the nanotubes and the
graphene nanoribbons in the following sections) are inves-
tigated using the density functional theory (DFT) [16,17]
as implemented both in the ABINIT [18] and the
SIESTA codes [19]. Using the outlined DFT formalisms,
ab initio ground state calculations are performed within
the local density approximation. Periodic boundary condi-
tions are used to insure at least 10 Å of vacuum between
graphene planes, nanotubes and ribbons in neighboring
cells. When dealing with a large number of carbon atoms
in the nanostructure supercell, numerical atomic orbital
basis sets (double-ζ plus one polarization) are used rather
than plane-waves to expand the wave-functions, in con-
junction with norm-conserving pseudo-potentials [20]. The
energy levels are populated using a Fermi-Dirac distribu-
tion with an electronic temperature of 300 K. The inte-
gration over the 1D Brillouin zone is replaced by a sum-
mation over a regular grid of k -points (between 10–40) in
the graphene plane or along the nanostructure axis. The
geometry is fully relaxed until the forces on each atom and
on the unit cell are less than 0.01 eV/Å and 0.05 eV/Å,
respectively.

The ab initio electronic bands of graphene [13] along
the high-symmetry M–Γ–K directions are presented in
Figure 4. Its space group (P3m) contains a mirror sym-
metry plane, allowing symmetric σ and anti-symmetric
π states to be distinguishable. In a 2D crystal, a paral-
lel mirror symmetry operation separates the eigenstates
for the whole Brillouin zone, and not only along some
high-symmetry axis. The π and π∗ bands cross at the ver-
tices of the hexagonal Brillouin zone (vertices labeled by
their momentum vector usually denoted by K and K ′ as
mentioned above). Ab initio calculations confirm that the
π and π∗ bands are quasi-linear (linear very close to K
or K ′ and near the Fermi energy), in contrast with the
quadratic energy-momentum relation obeyed by electrons
at band edges in conventional semiconductors. When sev-
eral interacting graphene planes are stacked as in few-layer
graphite (nGLs) or in the perfect graphite crystal, the for-
mer anti-symmetric π bands are split (owing to bonding
or anti-bonding patterns), whereas the σ bands are much
less affected by the stacking, as explained in the following
sections.
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Fig. 4. (Color online) (a) Electronic band structure of graphene. The bonding σ and the anti-bonding σ∗ bands are separated
by a large energy gap. The bonding π (highest valence band) and the anti-bonding π∗ (lowest conduction band) cross at the
K points of the Brillouin zone. The Fermi energy (EF ) is set to zero and φ indicates the work function. Above the vacuum level
(dotted horizontal line), the states of the continuum are difficult to describe and merge with the σ∗ bands. The 2D hexagonal
Brillouin zone is illustrated with the high-symmetry points Γ , M , and K (or K′). (b, c) π state at K and (d, e) σ-state at Γ ,
seen respectively from above and from the side of the graphene plane. Note that the π wavefunction cancels on an hexagonal
sublattice due to the eiK·r phase factor. The π (σ) state is odd (even) with respect to the graphene plane reflection.

Graphene is thus highly specific for this linear energy-
momentum relation, leading to massless fermions. Their
electronic group velocities, estimated at the Dirac point, is
quite high: ∼8.5×105 m/s. Indeed, expanding equation (9)
at K (or K ′) yields the linear π and π∗ bands for the Dirac
fermions:

E±(κ) = ±�vF |κ| (10)

where κ = k − K, and vF =
√

3γ0a/2� is the electronic
group velocity. Consequently, graphene exhibits electronic
properties that are distinctive for a 2D gas of particles
described by the relativistic Dirac equation rather than
the non-relativistic Schrödinger equation (only valid for
non-relativistic electrons with a finite mass). Indeed, in
graphene, charge carriers mimic relativistic particles with
zero mass and an effective “speed of light” c∗ ∼ 106 m/s.

The linear dispersion given by equation (10) is the so-
lution to the following effective Hamiltonian at the K (or
K ′) point:

H = �vF (σκ) (11)

where κ = −i∇ and σ’s are the pseudospin Pauli ma-
trices operating in the space of the electron amplitude on
the A–B sublattices of graphene. Several unusual trans-
port properties of graphene derived from the linear dis-
persion and the chiral nature of the quasiparticles defined
by equations (10) and (11).

Transport measurements are mostly performed on
single-layer graphene field effect transistor (FET) as a
function of gate voltage [9]. Graphene FETs are fabricated
with standard lithography and etching techniques using
mechanically cleaved graphene flakes [2]. A degenerately
doped silicon substrate serves as a gate and continuously
tunes the 2D carrier density ns across the Dirac point from

hole type to electron type, covering a range of roughly
±1 × 1013/cm2. Resistivity measurements performed on
a single-layer graphene FET reveal that the conduction
is symmetric about the Dirac point [21]. In the high-
density regime, the mobility is roughly carrier density-
independent and temperature-independent. Reported mo-
bility values range from 2000 to 20 000 cm2/Vs, with the
high end representing a long mean free path of ∼0.3 μm,
comparable to that of single-wall carbon nanotubes (as
described in the following sections). Its weak tempera-
ture dependence indicates impurity or defect scattering
as the dominant mobility-limiting mechanism and pro-
vides room for future improvement. Possible sources of
scattering include adsorbents and defects in the graphene
lattice and ionized impurities in the SiO2 substrate. In
addition, transport measurements also reveal a remark-
able property of 2D carriers in graphene. Although the
carrier density approaches zero at the Dirac point, the
2D resistivity ρxx or conductivity σxx remains finite. Such
behavior, dubbed “minimum” conductivity, has been ob-
served in many devices with ρxx ranging from 2–7 kΩ [8,9].
Slightly larger values of ρxx from 6–9 kΩ are also reported
for bi-layer graphene [22]. The origin of this unusual be-
havior remains unclear at the moment. Extrinsic mecha-
nisms, such as density inhomogeneity caused by ionized
impurities in the SiO2 substrate or by the rippling of the
graphene sheet [23], may lead to a finite conductivity [24].
However, a minimum quantum conductivity can also arise
intrinsically from the linear excitation spectrum of Dirac
fermions and/or the chirality of the quasiparticles [11].

Despite a conductivity that never falls below a min-
imum value (e2/h) even when the carrier concentrations
tend to zero, graphene has also revealed other unusual
transport phenomena characteristic of two-dimensional
Dirac fermions, such as an anomalous integer quantum
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Fig. 5. (Color online) Honeycomb lattice of graphene (a) with both the zigzag (red) and the armchair (green) directions.
Graphene nanoribbons cut in the ideal sheet along these two highly symmetric directions are called aGNRs (b) and zGNRs (c),
respectively.

Hall effect, a cyclotron mass m of massless carriers with
an energy E in graphene that is described by E = mc∗2,
and Shubnikov-de Haas oscillations in graphene which ex-
hibit a phase shift of π due to Berry’s phase [8,9]. However,
the accurate description of these unusual transport phe-
nomena exceeds the scope of the present paper and could
be find in reference [25].

In this section, the electronic properties of the
2D graphene have been described by an effective massless
Dirac fermion model in the vicinity of the charge neutral-
ity point, with linear dispersion and electron-hole sym-
metry. In the next sections, confinement effects will be
described when the graphene sheet is cut in strips like
for graphene nanoribbons or rolled up in cylinders such as
carbon nanotubes. The remarkable properties of graphene
derived close to the K and K ′ points are found to remain
valid for 1-D systems such as metallic nanotubes and wide
armchair nanoribbons. However, other symmetries result
in semiconducting systems with varying gaps. Semicon-
ducting nanotubes and ribbons with increasing diameter
(or width) show a linear downscaling of their associated
energy gaps. By using proper boundary conditions, the
electronic band structure of both types of systems can be
analytically derived. Consequences on the quantum trans-
port of both 1-D systems is also explicitly described.

3 Electronic properties of graphene
nanoribbons

High electron mobility and long coherence length make
graphene a subject of great interest for nanoscale
electronic applications, even for the realization of
room-temperature ballistic (dissipation-free) electron-
ics. However, a major setback in the development of
graphene-based field-effect transistors is the inability to
electrostatically confine electrons in graphene, because a
single layer of graphite remains metallic even at the charge
neutrality point. In order to overcome this problem, a way
to open a gap in the electronic structure of graphene has
to be found. A straightforward solution is to pattern the

graphene sheet into narrow ribbons. Thanks to recent pro-
gresses in preparing single graphite layers on conventional
device setups, graphene nanoribbons (GNRs) with vary-
ing widths have been synthesized and characterized ex-
perimentally [6,26,27].

Graphene nanoribbons (GNRs) are elongated strips of
graphene with a finite width that can be obtained by cut-
ting a graphene sheet along a certain direction. Due to
the honeycomb structure of graphene, two prototypical
shapes are possible for the edges, namely the armchair
edge (Fig. 5b) and the zigzag edge (Fig. 5c), with a dif-
ference of 30 deg between the two edge orientations. De-
pending on the cutting direction, the edges of the GNRs
may thus exhibit either one of these two “ideal” shapes or
more complex geometries composed of a mixture of arm-
chair and zigzag shaped fragments.

The atomic structure of nanoribbons with armchair
and zigzag edges is further illustrated in Figure 6 along
with their corresponding unit cells. Following previous
convention [28–39], GNRs with armchair (zigzag) edges
on both sides are classified by the number of dimer lines
(zigzag lines) across the ribbon width, as illustrated in
Figure 6. In the following, N -aGNR and N -zGNR will
refer to such prototypical armchair and zigzag GNRs, N
being respectively the number of dimer and zigzag lines.
In addition, if not otherwise stated, the dangling bonds on
the edge sites of GNRs will be assumed to be terminated
by hydrogen atoms, although dangling bonds would not
make any contribution to the electronic states near the
Fermi level. Of course, these ideally shaped edges does
not correspond to the experimental observations [40–42]
where GNRs currently have a high degree of roughness
at the edges. Some aspect of this edge disorder will be
presented later on.

The presence of the edges in GNRs entails the quan-
tum mechanical constriction of electronic wavefunctions
in the direction perpendicular to the axis of the ribbon
and, as a consequence, a confinement-induced gap can
open. Since GNRs are just geometrically terminated sin-
gle graphite layers, their electronic structures have been
modeled by imposing appropriate boundary conditions



S.M.-M. Dubois et al.: Electronic properties and quantum transport in Graphene-based nanostructures 7

Fig. 6. (Color online) Carbon N-zGNR (a) and N-aGNR (b) composed of N armchair and zigzag lines, respectively. Black and
white dots identify carbon atoms belonging to the two different graphene sublattices (A and B). The red rectangle represents
the 1D unit-cell of the corresponding GNR. Atoms labeling follows the counting of zigzag chains (a) or dimer lines (left), from
1, 2, 3, 4, ... to N-1, N.

Fig. 7. (Color online) Band folding approximation. (a) Honeycomb network of graphene with the two directions of the electronic
confinement (a and z black arrows) for the zigzag and armchair ribbons, respectively. (b) The first hexagonal Brillouin zone of
graphene is folded into the first rectangular Brillouin zone (red), defined by the a� and z� directions. This rectangular Brillouin
zone corresponds in the reciprocal space to the unit cell constructed using the a and z vectors in real space as illustrated in (a).

(insuring the confinement of the electrons within the
ribbon) on the Schrödinger’s equation within the sim-
ple single-band tight-binding approximation based on
π-states of graphene [28,29,34] or on the two-dimensional
free massless particle Dirac’s equation with an effective
speed of light (∼106 m/s) [35–37]. This additional quan-
tum confinement of the electrons with respect to the
graphene case induces a discretization of the wave vec-
tor in the confined direction and breaks the spectrum into
subbands for both aGNRs and zGRNs. Figure 7 illustrates
the directions of electronic confinement denoted a and z
in the real space for the zigzag and armchair ribbons re-
spectively. As pointed out in Figure 7a, taking a rectan-
gular real space unit cell build on the vectors a and z
makes the graphene Brillouin zone to fold into the rect-
angular area constructed on the vectors a∗ and z∗. By
extension, in the case of large zigzag and armchair GNRs,
the graphene Brillouin zone reduces to elongated rectan-
gular stripes aligned with z∗ and a∗ respectively (Fig. 7b).

Consequently, the energy π-states band spectrum of
graphene can be projected along the a� and z� directions,

thus predicting the π-states band structures of both arm-
chair and zigzag ribbons of sufficiently large width, as de-
picted in Figure 8. The main result of the present zone
folding approximation is that the linear dispersion relation
of graphene observed around the Dirac points K and K ′
is preserved and is predicted to be localized at k = 0 and
k = ±2π/3 for aGNRs and zGNRs, respectively. In sum-
mary, as for 2-D graphene, such a nearest neighbor tight-
binding model is found to describe low energy properties
with a degree of approximation high enough for many ap-
plications and is widely employed for studying transport
properties in GNRs [28,45–49].

However, ab initio calculations [38] reveal that GNRs
with hydrogen passivated armchair or zigzag shaped edges
always have nonzero and direct band gaps, originating
from quantum confinement, and edge effects play a crucial
role [43,44]. Consequently, although the graphene model
based on the π-states of carbon is known to accurately de-
scribe the energy dispersion of the carbon sheet, a careful
consideration of edge effects in nanometer sized ribbons is
required to determine their band gaps because, unlike the
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Fig. 8. (Color online) Energy band structure of graphene pro-
jected on the zigzag (a) and armchair (b) axis. The linear
dispersion relations are conserved and localized at k = 0 for
aGNRs and at k = ±2π/3 for zGNRs.

situation in graphene, the bonding characteristics between
atoms change abruptly at the edges [31,34]. In the follow-
ing, a tight-binding derivation of the electronic properties
of armchair and zigzag GNRs are described and compared
with DFT calculations.

3.1 Electronic properties of armchair nanoribbons
(aGNRs)

As predicted in the previous section, the linear disper-
sion relation of graphene is conserved when projected on
the one dimensional Brillouin zone of aGNRs. This sim-
ple zone folding approximation provides a correct descrip-
tion of the global shape of the band structure, but addi-
tional effects related to the detailed nature of the edges
have to be taken into account in order to accurately de-
scribe the low energy electronic states. The tight-binding
approximation can partly tackle this problem. In analogy
with what has been suggested previously for graphene,
the tight-binding Hamiltonian of the nanoribbons is con-
structed as:

H =
∑

i

εiĉ
†
i ĉi +

∑

i,j

γij ĉ
†
i ĉj (12)

where εi are the atomic on-site energies, γij correspond to
the hopping energies, and ĉi is an operator which creates
an electron at site i. In order to simplify the formulation,
on-site energies are conventionally set as the reference en-
ergy (εi = ε = 0). Using the restriction of electron hopping
only between first-nearest neighbors, the hopping param-
eters are supposed to be all equal and reduced to γij = γ0.
This assumption is equivalent to assume that the ribbon
edges are passivated in such a way that bulk graphene is
reproduced.

Taking into account the periodicity along the axis of
the aGNRs, the tight-binding Hamiltonian of the arm-
chair ribbons can be represented as Bloch sums over the

basis 1A, 1B, 2A, 2B, ... NA, NB as illustrated in Figure 6:

Hk = γ0φ̂
†
k

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 eik a
2 0 1 0 0 · · ·

e−ik a
2 0 1 0 0 0 · · ·

0 1 0 eik a
2 0 1 · · ·

1 0 e−ik a
2 0 1 0 · · ·

0 0 0 1 0 eik a
2 · · ·

0 0 1 0 e−ik a
2 0 · · ·

· · · · · · · · · · · · · · · · · · · · ·

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

φ̂k

(13)

where φ̂k = (ĉk(1A), ĉk(1B), ĉk(2A), ĉk(2B), . . . , ĉk(NA),
ĉk(NB)).

The energy band structures of armchair ribbons are
calculated by diagonalizing the Hamiltonian of equa-
tion (13) and illustrated in Figure 9 for two different
ribbon widths. In agreement with the prediction of the
band-folding approximation, the typical Dirac-like linear
dispersion or the direct gap always appears at k = 0.

Interestingly, the calculated band structures highlight
the crucial role of the ribbon width upon the energy gap.
While two third of the ribbons appear to exhibit a semi-
conducting behavior, the last third is found to remain
metallic. Indeed, such a simple calculation can be repeated
for several ribbon widths, revealing that the gap of the
ribbon presents an oscillating behavior with respect to N
with a period of 3. In fact, at k = 0, the eigenvalues of
the tight-binding Hamiltonian can be extracted analyti-
cally [50], leading to an energy gap (ΔN ) which is width
dependent:

ΔN =

⎧
⎪⎪⎨

⎪⎪⎩

Δ3� = |γ0|
(
4cos π�

3�+1 − 2
)

Δ3�+1 = |γ0|
(
2 − 4cosπ(�+1)

3�+2

)

Δ3�+2 = 0

(14)

with Δ3� > Δ3�+1 > Δ3�+2 = 0.
As a consequence, the present tight-binding approach

predicts that N -aGNRs are metallic for every N = 3� + 2
(where � is a positive integer), and semiconducting in the
other cases. When compared with ab initio calculations,
this simple TB model with one orbital per site and con-
stant hopping energy between nearest neighbors appears
to accurately describe the band structure of the armchair
ribbons. However, DFT calculations reveal that even for
the 3� + 2-GNRs (predicted to be metallic in TB) a small
gap opens at k = 0 inducing a semiconductor character
for all armchair ribbons [38,39]. The energy gaps decrease
as the widths of the aGNR increase, reaching the zero-gap
value of graphene for infinite ribbon width. For a ribbon
of ∼5 nm with a metallic behavior predicted by the tight-
binding model, the ab initio estimated band gap is only
∼0.05 eV.

To understand the origin of this gap opening, it has
to be noted that the prediction of the TB model entirely
results from the electronic confinement imposed by the
boundary conditions at the ribbon edges. Indeed, the per-
turbation of the on-site and hopping energy induced by
the presence of passivated edges is not taken into account.
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Fig. 9. (Color online) Energy band structures of two armchair nanoribbons (N-aGNRs) of various width (N = 16, 17) and
one zigzag nanoribbons (8-zGNR). The tight-binding band structures (top) computed using a constant hopping energy (γ0 =
2.7 eV) between nearest neighbors are compared to ab initio band structures (bottom).

However, edge effects are playing a crucial role [38]. In-
deed, the edge carbon atoms of the armchair ribbon, are
passivated by hydrogen atoms (by some foreign atoms or
molecules in general) so that the σ bonds between hydro-
gen and carbon and the on-site energies of the carbons at
the edges would be different from those in the middle of
the GNR. The bonding distances between carbon atoms at
the edges are also expected to change accordingly, lead-
ing to a decrease in interatomic distance from 1.422 Å
inducing an increase of ∼12% in the hopping integral be-
tween π-orbitals, and explaining physically the presence
of a band gap for all the aGNRs [38]. The introduction
of these modified on-site and hopping energies within a
new TB model restricted to nearest neighbors allows to
achieve an improved agreement between the TB and DFT
band structures, underlying the crucial role of the edges
relaxation.

3.2 Electronic properties of zigzag nanoribbons
(zGNRs)

For zGNRs, the approach consists in considering explicitly
the boundary conditions by imposing that the wavefunc-

tion vanishes at the edges of the ribbon when solving the
Dirac equation [35]. As illustrated in Figure 6, one of the
zGNR edge is entirely composed of A-type carbon atoms
(left one), while the other edge is made up of B-type car-
bon atoms (right one). Therefore, the boundary conditions
can be imposed on the two sublattices separately, leading
the wavefunction of the A-type sublattice to vanish on the
opposite B-type edge and vice versa. The corresponding
tight-binding Hamiltonian may also be expressed as Bloch
sums:

Hk = γ0φ̂
†
k

×

⎛

⎜⎜⎜⎜⎜⎜⎝

0 2 cos(ka
2 ) 0 0 0 · · ·

2 cos(ka
2 ) 0 1 0 0 · · ·

0 1 0 2 cos(ka
2 ) 0 · · ·

0 0 2 cos(ka
2 ) 0 1 · · ·

0 0 0 1 0 · · ·
· · · · · · · · · · · · · · · · · ·

⎞

⎟⎟⎟⎟⎟⎟⎠
φ̂k

(15)

where φ̂k = (ĉk(1A), ĉk(1B), ĉk(2A), ĉk(2B), . . . , ĉk(NA),
ĉk(NB)).
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Fig. 10. (Color online) Spin polarized electronic densities (difference of electronic densities for majority and minority e−)
iso-surfaces for the ferromagnetic (a) and anti-ferromagnetic (b) configurations of a 8-zGNR. Red and green surfaces correspond
to an excess of majority and minority spin, respectively.

The energy band structures of zigzag ribbons are cal-
culated by diagonalizing the Hamiltonian of equation (15)
and illustrated in Figure 9. In agreement with the pre-
diction of the band-folding approximation, the direct gap
always appears at k = ±2π/3. Another peculiar feature
appears for zGNRs, independently of the ribbon width:
the highest valence and lowest conduction bands form
two partially flat degenerate bands with zero energy be-
tween the Dirac points and the border of the Brillouin
zone (2π/3 ≤ |k| ≤ π), thus inducing a sharp peak in
the density of states at EF . Ab initio computed local den-
sities of states around the Fermi level reveal that these
electronic states are mainly located at the zigzag edges of
the GNR, and penetrates progressively into the ribbon for
wavevectors going from π to 2π/3 inducing these nearly
flat bands in Figure 9. Some dispersion appears when the
edge states coming from the opposite edges, overlap and
form bonding and antibonding states, inducing some am-
plitude which depends on the ribbon width. Examining
the relative importance of the edge state for graphene
ribbons with general edges, theory predicts that an edge
shape with three or four zigzag sites per sequence is suf-
ficient to show an edge state, the system size being on a
nanometer scale [28]. Experimentally, STM and STS mea-
surements [51] also demonstrate that the edge states near
the Fermi level are only observed at a zigzag edge and de-
fect points of an armchair edge (and not at a homogeneous
one).

Another important feature related to zGNRs con-
sists on the presence of magnetic order (spin degree of
freedom) along the zigzag edges. As mentioned above,
the zigzag topology induces narrow-band edge states at
the Fermi energy allowing possible magnetization at the
edges [29,32,33,38,39]. In a magnetic field, these edge
states, strongly localized near zigzag edges, generate a ra-
tional fraction of the magnetic flux in each hexagon, and
thus behave like zero-field edge states [29]. The orbital
diamagnetic susceptibility strongly depends on the edge
shapes, as the ring currents are very sensitive to the lat-
tice topology near the edge. Because the edge states lead
to a sharp peak in the density of states at the Fermi level,
zGNRs exhibit a Curie-like temperature dependence of

the Pauli paramagnetic susceptibility [29]. Consequently,
a crossover is predicted from high-temperature diamag-
netic to low-temperature paramagnetic behavior in the
magnetic susceptibility in zGNRs [29].

Upon inclusion of the spin degree of freedom, the
zGNRs are predicted to have a magnetic insulating ground
state with ferromagnetic ordering at each zigzag edge and
antiparallel spin orientation between the two edges Fig-
ure 10. The difference in total energy per edge atom be-
tween non-spin-polarized and spin-polarized edge states is
of the order of a few tens of meV [38].

For example, the electronic ground state of the ideal
8-zGNR reveals anti-parallel (↑↓) spin orientations be-
tween the edges (Fig. 10b) leading to a semiconducting
band structure (0.5 eV band gap) with full spin degener-
acy. On the other hand, the magnetic configuration with
parallel (↑↑) spin orientations between the edges (Fig. 10a)
is found to be metastable (11 meV/edge-atom higher in
energy). This configuration displays a metallic behavior,
as the π∗

↑ and π↓ bands are crossing at the Fermi energy,
and presents a total magnetic moment of 0.51 μB per edge
atom.

Consequently, when the spin degree of freedom is taken
into account, the presence of energy gaps for electrons in
zGNRs can be explained from the staggered sublattice po-
tentials resulting from the magnetic ordering [52]. Such a
situation occurs because the opposite spin states on oppo-
site edges occupy different sublattices, respectively. Since
the strength of the staggered potentials in the middle of
the ribbon decreases as the ribbon width increases, the
band gaps of zigzag GNRs are inversely proportional to
the width.

In conclusion, the role of the edges is crucial for deter-
mining the values and the scaling rule for the band gaps
in both armchair and zigzag GNRs. In addition, although
the spin-orbit interaction is very small in graphite [53], the
coexistence of electrons with opposite spin orientations in
2D graphene, could open a new path to explore spintronics
(when the electrical current is completely spin polarized)
at the nanometer scale [39].

The next section will be dedicated to the validation
of the single-band tight-binding approximation and to the
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Fig. 11. (Color online) Graphene honeycomb network in blue with the lattice vectors a1 and a2. The chiral vector Ch = 5a1+3a2

represents a possible wrapping of the two-dimensional graphene sheet into a tubular form. The direction perpendicular to Ch

is the tube axis. The chiral angle θ is defined by the Ch vector and the a1 “zigzag” direction of the graphene lattice. In the
present example, a (5, 3) nanotube is under construction and the resulting tube is illustrated in red on the right.

conservation of the corresponding remarkable properties
of graphene in carbon nanotubes.

4 Electronic properties of carbon nanotubes

Carbon nanotubes have been discovered and first char-
acterized in 1991 by Iijima from NEC laboratories
(Japan) [54]. This discovery was made possible thanks to
the use of state-of-the-art transmission microscopy. The
firstly-discovered nanotubes were made of several concen-
tric cylindrical-like shells regularly spaced by an amount
of about 3.4 Å as in conventional graphite materials.
These multiwall nanotubes (MWNTs) were first synthe-
sized with diameter ranging from a few nms to several
hundred nms for the inner and outer shells, respectively.
As for the length, MWNTs extending over several μms are
currently synthesized.

Shortly after the discovery of multiwall carbon nan-
otubes, singlewall carbon nanotubes (SWNTs) were syn-
thesized in abundance using arc discharge methods with
transition metal catalysts [55,56]. A carbon nanotube
made of a single graphene layer rolled up into a hollow
cylinder is called a singlewall nanotube. These tubes have
quite small and uniform diameter, in the order of one
nanometer. Such an unprecedented small diameter, com-
bined with the crystalline perfection of the atomic net-
work, explains why such objects were quickly considered
as the “ultimate” carbon-based 1D systems.

Since the atomic structure of SWNTs is closely related
to that of graphene, the tubes are usually labeled in terms
of the graphene lattice vectors. As illustrated in Figure 11,
a singlewall carbon nanotube is geometrically obtained by
rolling up a single graphene strip [57]. Its structure can be
specified or indexed by its circumferential vector (Ch), as
defined by the chiral vector (AA’ in Fig. 11) which con-
nects two crystallographically equivalent sites (A and A’)

on a graphene sheet. In this way, a SWNT’s geometry is
completely specified by a pair of integers (n, m) denoting
the relative position Ch = na1 +ma2 of the pair of atoms
on a graphene strip which, when rolled onto each other,
form a tube (a1 and a2 are unit vectors of the hexagonal
honeycomb lattice, see Fig. 11).

This chiral vector Ch defines the circumference of the
tube. The diameter of the nanotube can thus be estimated
as dt = |Ch|/π = a

π

√
n2 + nm + m2, where a is the lat-

tice constant of the honeycomb network (a =
√

3 × acc

and acc 
 1.42 Å the C–C bond length). The chiral vector
Ch uniquely defines a particular (n, m) tube, as well as
its chiral angle θ which is the angle between Ch and a1

(“zigzag” direction of the graphene sheet, see Fig. 11).
The chiral angle θ can be calculated as cos θ = Ch·a1

|Ch||a1| =

(2n + m)/(2
√

n2 + nm + m2). The value of θ is in the
range 0 ≤| θ |≤ 30◦, because of the hexagonal symmetry
of the graphene lattice. This chiral angle θ also denotes
the tilt angle of the hexagons with respect to the direc-
tion of the nanotube axis. Nanotubes of the type (n, 0)
(θ = 0◦) are called zigzag tubes, because they exhibit a
zigzag pattern along the circumference. Such tubes dis-
play carbon-carbon bonds parallel to the nanotube axis.
Nanotubes of the type (n, n) (θ = 30◦) are called armchair
tubes, because they exhibit an armchair pattern along the
circumference. Such tubes display carbon-carbon bonds
perpendicular to the nanotube axis. Both zigzag and arm-
chair nanotubes are achiral tubes, in contrast with general
(n, m �= n �= 0) chiral tubes (Fig. 12).

The geometry of the graphene lattice and the chiral
vector not only determine the diameter of the tube, but
also the unit cell, and its number of carbon atoms. The
smallest graphene lattice vector T perpendicular to Ch

defines the translational period t along the tube axis. The
lattice vector T can also be expressed in terms of the basis
vectors a1 and a2 as T = t1a1 + t2a2, using Ch · T = 0
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Fig. 12. (Color online) Atomic structures of (5, 5) armchair, (9, 0) and (10, 0) zigzag, (8, 2) chiral nanotubes.

Fig. 13. (Color online) Allowed k-vectors of the (5,5), (9,0), (10,0) and (8,2) tubes mapped onto the graphene Brillouin zone.

and the expressions of t1 = (2m + n)/NR and t2 =
−(2n+m)/NR, where NR is the greatest common divisor
of (2m +n) and (2n +m). The length of the translational
vector is given by t = |T| =

√
3a

√
n2 + nm + m2/NR.

The nanotube unit cell is thus formed by a cylindrical
surface with height t and diameter dt. The number of car-
bon atoms per unit cell can also be expressed as a function
of n and m: NC = 4(n2 + nm + m2)/NR.

Once the (n, m) nanotube structure is defined (diame-
ter, chirality, unit cell...), the corresponding graphene strip
can be constructed and rolled up into a cylinder. The next
step consists in predicting the electronic properties of this
(n, m) tube based on the single-band tight-binding model
of graphene proposed here. The main advantage of the
nearest-neighbor approximation is the very simple analyt-
ical expression for the π electronic states of graphene ex-
pressed in equation (9), allowing the prediction of the elec-
tronic properties of carbon nanotubes using a zone folding
approach which does not take the curvature of the system
into account [58,59].

Due to periodic boundary conditions along the circum-
ferential direction of the tube, the allowed wavevectors
“around” the nanotube circumference are quantized: they
can only have a set of discrete values. In contrast, the
wavevectors along the nanotube axis remain continuous
for infinite tubes, presenting an analogous situation as
described in the previous section for the ribbons. Plot-
ting these allowed vectors for a given nanotube onto the
Brillouin zone of graphene generates a series of paral-
lel lines. The length, the number, and the orientation of
these cutting lines depend on the chiral indices (n, m) of
the nanotube (Fig. 13). The basic idea behind the zone-

folding approximation is that the electronic band struc-
ture of a specific nanotube is given by the superposition
of the graphene electronic energy bands along the corre-
sponding allowed k-lines.

A specific carbon nanotube defines a unique chiral vec-
tor Ch = (n, m) expressed in the basis (a1,a2) that fixes
its symmetry and its diameter. The application of peri-
odic boundary conditions around the tube circumference
leads to some restrictions on the allowed wavefunctions
quantum phase which imply that carbon nanotubes can
be metals or semiconductors with an energy gap that de-
pends on the helicity and on the tube diameter (1/dt).
In the zone folding approximation, the general rules for
the metallicity of a single-wall carbon nanotube are as
follows: a nanotube defined by the (n, m) indices will be
metallic (semiconductor) if n − m = 3�, with � an integer
(n − m = 3� ± 1). Consequently, most carbon nanotubes
are semiconductors and only a fraction (1/3) are metallic.

The condition n−m = 3� is always satisfied for (n, n)
armchair tubes and for the subset of the (n, 0) zigzag tubes
with n multiple of 3. Close to EF , the dispersion relation
reads E±(δk) 
 ±

√
3a
2 γ0|δk|, presenting a linear energy-

momentum relation (Fig. 14) that will be shown to have
useful consequences in the transport properties of these
nanotubes [60].

The second possible choice for (n, m) nanotubes is
given by the condition n − m = 3� ± 1 which leads to
an obvious gap opening (Fig. 14) at the Fermi level whose
value is estimated by

ΔE1
g =

2πaγ0√
3|Ch|

=
2accγ0

dt
. (16)
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Fig. 14. (Color online) (left) metallic nanotube: the allowed k-vectors include the K point of the graphene Brillouin zone. The
corresponding dispersion relations are linear and exhibit a metallic behavior. (right) semiconducting nanotube: the K point is
not an allowed vector. The corresponding dispersion relation displays an energy gap, illustrating the semiconducting behavior.

It appears that ΔE1
g decreases with the inverse of the

tube diameter dt (dt = |Ch|/π). For a very large diame-
ter, one finds as expected a zero gap semiconductor since
we recover the graphene sheet. For a realistic (17, 0) tubes
with a diameter of 1.4 nm, one gets ΔE1

g 
 0.59 eV. This
1/dt dependence of the gap on the diameter relies on the
assumption of a linear dispersion of the bands around
EF [61]. In reality, the bands are not linear away from
EF , an effect called trigonal warping [62] which induces
a dependence of the band gap not only on the diameter,
but on the (n, m) indices as well.

In summary, when forming a tube, owing to the peri-
odic boundary conditions imposed in the circumferential
direction, only a certain set of k vectors in the graphene
BZ are allowed. This allowed set of Bloch momentum de-
pends on the diameter and helicity of the tube. Whenever
the allowed k vectors include the point K, the system is a
metal with a nonzero density of states at the Fermi level,
resulting in a one-dimensional metal with two bands dis-
persing linearly close to EF . When the K point is not in-
cluded, the system is a semiconductor with a small band
gap that depends mainly on the diameter. In this case,
the conduction and valence band edges come from states
with k-vectors located on the allowed line(s) closest to the
K point.

As the nanotubes are one-dimensional, their Brillouin
zone is one-dimensional as well, with zone edges usually
labeled X . Within this band folding approach, the nan-
otube band structure is thus the π−π∗ bands of graphene
within the orthogonal tight-binding scheme along the al-
lowed k-lines folded onto the ΓX direction (ΓX ′ with
X ′ = −X is symmetric by time-reversal).

The electronic band structure of an armchair (5, 5) car-
bon nanotube is presented in Figure 15a. Six bands for the
conduction states, and an equal number for the valence
one, are observable. However, four of them are degener-
ate, leading to 10 electronic levels in each case, consistent
with the 10 hexagons around the circumference of the
(5, 5) nanotube. For all armchair nanotubes, the energy
bands exhibit a large degeneracy at the zone boundary,
where k = ±π/a (X point), so that equation (9) becomes
E(k = ±π/a) = ±γ0. This comes from the absence of
dispersion along the segments connecting the neighboring
centers of the BZ sides (the M points), an effect that will

yield the so-called trigonal warping of the bands as already
discussed. The valence and conduction bands for armchair
nanotubes cross at k = kF = ±2π/(3a), a point that is
located at two thirds of ΓX (Fig. 15a). This means that
the original K-vertices of the original graphene hexagonal
BZ are folded at two thirds of the ΓX line (or its inversion
symmetry image). As discussed above, the (5, 5) armchair
nanotube is thus a zero-gap semiconductor which will ex-
hibit metallic conduction at finite temperatures, since only
infinitesimal excitations are needed to promote carriers
into the conduction bands.

The density of states (DOS) ΔN/ΔE represents the
number of available states ΔN for a given energy interval
ΔE (ΔE → 0). This DOS is a quantity that can be mea-
sured experimentally under some approximations. The
shape of the density of states is known to depend dramat-
ically on dimensionality. In 1D, as shown below, the den-
sity of states diverges as the inverse of the square root of
the energy (1/

√
E) close to band extrema. These “spikes”

in the DOS are called van Hove singularities (VHs) and
manifest the confinement properties in the directions per-
pendicular to the tube axis. As carbon nanotubes are one-
dimensional, their corresponding DOS exhibit such a spiky
behavior at energies close to band edges (see Fig. 15). For
all metallic nanotubes, the density of states per unit length
along the nanotube axis is a constant at the Fermi energy
(EF ), and can be expressed analytically [63]:

ρ(εF ) = 2
√

3acc/(πγ0|Ch|). (17)

The calculated 1D dispersion relations E(k) for the (9, 0)
and the (10, 0) zigzag nanotubes are illustrated in Fig-
ures 15b, 15c, respectively. As expected, the (9, 0) tube
is metallic, with the Fermi surface located at Γ , whereas
the (10, 0) nanotube exhibits a finite energy gap at Γ . In
particular, in the case of the (10, 0) nanotube, there is a
dispersionless energy band at E/γ0 = ±1, which gives a
singularity in the DOS at these peculiar energies. For a
general (n, 0) zigzag nanotube, when n is a multiple of 3,
the energy gap at k = 0 (Γ -point) becomes zero. However,
when n is not a multiple of 3, an energy gap opens at Γ .
The corresponding densities of states have a zero value at
the Fermi energy for the semiconducting nanotube, and a
small non-zero value for the metallic one.

Note that the k values for the band crossing at EF in
metallic nanotubes are k = ±2π/3T or k = 0 for armchair
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Fig. 15. (Color online) Band structure and density of states for (a) a (5, 5) armchair nanotube (b) a (9, 0) zigzag nanotube,
(c) a (10, 0) zigzag nanotube, and (d) a (8, 2) chiral nanotube within the zone folding model. The 1D energy dispersion relations
are presented in the [−3γ0; 3γ0] energy interval in dimensionless units (γ0 being the nearest neighbor C–C tight-binding overlap
energy ∼2.9 eV). The energy bands are plotted along the X−Γ−X direction. The Fermi level is located at zero energy. Adapted
from reference [13].

or zigzag tubes, respectively. These k-values are also the
locations of the band gaps for the semiconducting zigzag
nanotubes. The same k-values denote as well the posi-
tions of the energy gaps (including zero energy gaps) for
the general case of chiral nanotubes. In Figure 15d, the
dispersion relations E(k) for the (8, 2) chiral nanotube
are illustrated. Since n − m is a multiple of 3, this nan-
otube exhibits a metallic behavior with a band crossing at
k = ±2π/3T . Other chiral nanotubes, like the (9, 6) (not
shown), display a zero energy gap at k = 0. The DOS
of chiral nanotubes (see Fig. 15d) also displays van Hove
singularities as for the achiral tubes [64].

In semiconducting zigzag or chiral nanotubes, the band
gap (as expressed in Eq. (16)) is independent of the chiral
angle and varies inversely with the nanotube diameter:
ΔE1

g = 2γ0acc/dt (in the linear bands approximation).
Density of states measurements by scanning tunneling
spectroscopy (STS) provide a powerful tool for probing the
electronic structure of carbon nanotubes. It can be shown
indeed that under some assumptions, the voltage-current
derivative dI/dV is proportional to the DOS. These ex-
periments [65,66] confirmed that the energy band gap of
semiconducting tubes is roughly proportional to 1/dt, and
that about 1/3 of nanotubes are conducting, while the
other 2/3 are semiconducting. Resonances in the DOS
have also been observed experimentally [65,66] on both
metallic and semiconducting nanotubes whose diameters
and chiral angles were determined using a scanning tun-
neling microscope (STM) [67]. Several other experimental
techniques such as resonant Raman scattering [68], opti-

cal absorption and emission measurements [69–71], have
also confirmed this structure in van Hove singularities of
the electronic densities of states in singlewall carbon nan-
otubes.

Curvature effects: beyond the zone folding model

The preceding section proposes a model for the electronic
properties of SWNTs, based on the confinement of the
electrons around the tube circumference, allowing a se-
lection on the allowed k Bloch vectors. As a matter of
fact, since the states selected in the band folding scheme
were the ones of the planar graphene sheet, curvature ef-
fects are just neglected. However, carbon nanotubes are
not just stripes of graphene but small cylinders. The car-
bon atoms are placed onto a cylindrical wall, a topology
which induces several effects as compared to the planar
graphene sheet: (I) the C–C bonds perpendicular and par-
allel to the axis are slightly different, so that the a1 and a2

basis vectors have now different length, (II) these bond
length changes, and the formation of an angle for the two
pz orbitals located on bonds not strictly parallel to the
axis, yield differences in the three hopping terms γ0 be-
tween a carbon atom with its three neighbors and (III)
the planar symmetry is broken so that the π and σ states
can mix and form hybrid orbitals that exhibit partial sp2

and sp3 character. Such a curvature effect is not taken
into account in the zone folding model of graphene where
the π orbitals cannot mix with the σ states as they show
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Fig. 16. Magnitude of both primary (E1
g) and secondary (E2

g)
gaps in carbon nanotubes with radii less than 15 Å. The pri-
mary gap (ΔE1

g) scales as 1/R (top panel). The secondary gap
(ΔE2

g or curvature induced gap) scales as 1/R2. The dots at
ΔE1

g = ΔE2
g = 0 correspond to the armchair nanotubes which

always preserve their metallic character. Adapted from refer-
ence [72].

different parity with respect to planar reflexion. In the
present section, the effect of the finite curvature on the
electronic properties of singlewall nanotubes is investi-
gated.

The effects labeled (I) and (II) modify the condi-
tions which define the k-point at which occupied an un-
occupied bands do cross (a point labelled kF ), and shift
this Fermi vector kF away from the Brillouin zone cor-
ners (K-point) of the graphene sheet [72]. For armchair
nanotubes, taking curvature into account shifts the Fermi
wave vector along an allowed line of the graphene Brillouin
zone. Consequently, for symmetry reasons, armchair tubes
always preserve their metallic character with finite curva-
ture. However, for “metallic” non-armchair nanotubes, kF

moves away from the K-point perpendicularly to the al-
lowed k-lines such that the allowed 1D subband no longer
passes through kF , opening a very small band gap at EF

(see Fig. 16).

In summary, when accounting for curvature effects, the
only zero-band gap tubes are the (n, n) armchair nan-
otubes. (n, m) tubes with n−m = 3�, where � is a nonzero
integer, are “tiny-gap” semiconductors. Armchair tubes
are sometimes labeled “type I” metallic tubes, while the
others are of “type II”. All other nanotubes are interme-
diate gap (a few tenths of an eV) semiconductors. For
the tiny-gap semiconducting nanotubes, the so-called sec-
ondary gap (due to the curvature) obviously depends on
the diameter and the chiral angle, and scales as 1/d2

t [72].
For the quasi-metallic zigzag nanotubes (chiral angle = 0),

this secondary gap is given by:

ΔE2
g =

3γ0a
2
cc

4d2
t

(18)

and is so small that, for most practical purposes, all the
n − m = 3� tubes can be considered as metallic at room
temperature (see Fig. 16). Density of states measurements
by scanning tunneling spectroscopy [73] confirm the ex-
pected 1/d2

t dependence for three zigzag nanotubes, and
that armchair nanotubes remain truly metallic. Conse-
quently, the band-folding picture, based on the single-
band tight-binding approach [58–60], continues to be valid
for large diameter tubes.

For very small tubes, the curvature is so strong that
some rehybridization among the σ and π states appears
(effect III mentioned above). In such a case, the zone-
folding picture may fail completely and either an extended
tight-binding approach [74,75] or ab initio calculations [76]
should be performed to predict the electronic properties
of small diameter nanotubes. First-principles pseudopo-
tential local density functional (LDA) calculations indeed
revealed that sufficiently strong hybridization effects can
occur in small radius nanotubes which significantly alter
their electronic structure. Strongly modified low-lying con-
duction band states are introduced into the band gap of
insulating tubes because of hybridization of the σ∗ and
π∗ states. As a result, the energy gaps of some small ra-
dius tubes are decreased by more than 50%. In the spe-
cific case of the (6,0) tube, which is predicted to be a
semimetal in the band-folding scheme, a singly degener-
ate hybrid σ∗−π∗ state is found to lie 0.83 eV (at Γ ) below
the doubly degenerate state that forms the top of the va-
lence band in the zone-folding model. This band overlap
makes the (6,0) tube a true metal within LDA, with a
density of states at the Fermi level equal to 0.07 state/eV
atom. The σ∗−π∗ hybridization can be clearly observed
by drawing the charge density associated with the states
around the Fermi level. Such states are no longer antisym-
metric with respect to the tube wall, with a clear “charge
spilling” out of the tube. For nanotubes with diameters
greater than 1 nm, these rehybridization σ–π effects are
unimportant. Further, as discussed above, symmetry con-
siderations suggest that armchair tubes are less affected
by such rehybridization.

At last, ultrasmall radius single-wall carbon nanotubes
(diameter of about 4 Å) have been synthesized by confin-
ing their synthesis inside inert AlPO4-5 zeolite channels
(with inner diameter of about 7.3 Å) [77]. The diameter
of these tubes gives them many unusual properties such as
superconductivity [78]. Such a narrow diameter distribu-
tion around 4 Å, reduces the potential carbon nanotube
(CNT) candidates to three: the (3, 3), (4, 2), and (5, 0).
The properties of these ultrasmall tubes have been exten-
sively investigated by ab initio simulations [79]. In partic-
ular, it was shown that the (5, 0) tube, expected to be
semiconducting following the band folding picture, is ac-
tually a metal with two bands (one doubly degenerate)
crossing the Fermi level (yielding two different kF ). This
is a clear manifestation of curvature effects due to a Peierls
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distortion. The armchair (3, 3) tube remains semimetallic,
but with a π−π∗ band crossing at EF that is displaced off
its ideal 2ΓX/3 position, confirming as described above
that armchair tubes are much less sensitive to curvature
effects.

In conclusion, the zone-folding model remains valid
when the diameter of the nanotube is greater than 1 nm.
When this condition is not satisfied, the single-band
tight-binding approach may fail completely and more ac-
curate calculations based on an extended tight-binding ap-
proach or ab initio should be performed to predict the
electronic properties of these small diameter nanotubes.

5 Quantum transport in 1D carbon
nanostructures

5.1 Quantum transport in carbon nanotubes

Coherent quantum transport in mesoscopic and low-
dimensional systems can be rigorously investigated either
with the Kubo-Greenwood [80] or the Landauer-Büttiker
formalisms [81]. The first approach, that derives from the
fluctuation-dissipation theorem, allows to evaluate the in-
trinsic conduction regimes within the linear response, and
gives a direct access to the fundamental transport length
scales, such as the elastic mean free path (�e) and the
localization length (ξ). While �e results from the elas-
tic backscattering driven by static perturbations (defects,
impurities) of an otherwise clean crystalline structure, ξ
denotes the scale beyond which quantum conductance de-
cays exponentially with the system length (L), owing to
the accumulation of quantum interference effects that pro-
gressively drive the electronic system from weak to strong
localization. The coherence length Lφ gives the scale be-
yond which localization effects are fully suppressed ow-
ing to decoherence mechanisms, such as electron-phonon
(e–ph) or electron-electron (e–e) couplings, treated as per-
turbations on the otherwise noninteracting electronic gas
(weak localization regime). When �e becomes longer than
the length of the nanotube in between voltage probes, the
carriers propagate ballistically, and contact effects pre-
vail. In such a situation, the Landauer-Büttiker formal-
ism becomes more appropriate, since it rigorously treats
transmission properties for open systems and arbitrary
interface geometries. Besides, its formal extensions (Non
Equilibrium Green’s Functions-NEGF and Keldysh for-
malism) further enable to investigate quantum transport
in situations far from the equilibrium, of relevance for
high-bias regimes or situations with dominating contri-
bution of Coulomb interactions [82]. Interestingly, to in-
vestigate coherent quantum transport in a ribbon or a
nanotube of length L with reflection-less contacts (ideal
contact) to external reservoirs, both transport formalisms
are formally fully equivalent.

In the following, the Landauer-Büttiker formalism will
be used and the corresponding conductance will be eval-
uated from the transmission coefficient:

T (E) = tr{Γ̂L(E)Ĝ(+)
tube(E)Γ̂R(E)Ĝ(−)

tube(E)} (19)

Fig. 17. (Color online) Band structure (left), density of states
(middle) and conductance (right) for the (5, 5) armchair nan-
otube based on the single-band folding model. Adapted from
reference [13].

given as a function of the retarded Green function
Ĝ(+)(E) = {EÎ − Ĥ − Σ̂L(E) − Σ̂R(E)}−1 and Σ̂R(Σ̂L)
the self energy accounting for the coupling with the right
(left) electrode [82]. The Landauer-Büttiker formula can
be indifferently implemented with effective models, such
as a tight-binding Hamiltonian, or a Hamiltonian derived
from first-principles. Indeed, the ab initio electronic trans-
port calculations presented in the following are performed
within the non-equilibrium Green’s functions formalism
and using the one-particle Hamiltonian obtained from
the DFT calculations as implemented in the SMEAGOL
code [83]. When defects are concerned, the defective super-
cells are connected to perfect nanotube- or ribbon-based
leads. In order to simulate open boundary conditions, the
self-energies associated with the leads are then included
within the self-consistent calculation of the potential. Fi-
nally, the electronic transmission functions are evaluated
by using of the Fisher-Lee relation [84]. Note that, for the
computation of the transmission functions, a 25 × 1 × 1
supercell is considered in order to obtain a good screen-
ing of the perturbed Hartree potential due to the defect.
Experimentally, it is possible to investigate the energy de-
pendence of the conductance by modulating the density
of charge using a capacitive coupling between the nanos-
tructure channel and an external gate.

For a carbon nanotube of length L in between metallic
contact reservoirs, the transport regime is ballistic if the
measured conductance is L-independent, and only given
by the energy-dependent number of available quantum
channels N(E) times the conductance quantum G0 =
2e2/h, that is G(E) = 2e2/h × N(E), including spin de-
generacy. This occurs only in case of perfect (reflection-
less) or ohmic contacts between the CNT and metal-
lic voltage probes. In this regime, the expected energy-
dependent conductance spectrum is easily deduced, from
band structure calculations, by counting the number of
channels at a given energy. For instance, metallic armchair
nanotubes present two quantum channels at the Fermi



S.M.-M. Dubois et al.: Electronic properties and quantum transport in Graphene-based nanostructures 17

Fig. 18. (Color online) Band structures and quantum conductances of (a) (5, 5) armchair, (b) (9, 0) and (c) (10, 0) zigzag, and
(d) (8, 2) chiral nanotubes, based on first-principles calculations.

energy EF = 0, or charge neutrality point, resulting in
G(EF ) = 2G0. At higher energies, the conductance in-
creases as more channels become available to conduction.
For illustration, the electronic bands and conductance of
the (5, 5) metallic tube are displayed in Figure 17 within
the symmetric π−π∗ tight-binding model.

This quantum conductance of armchair carbon
nanotubes within a nearest-neighbor π-orbital tight-
binding Hamiltonian is in good agreement with
ab initio calculations as illustrated in Figures 18a. Indeed
the (5, 5) armchair carbon nanotube is found to be a
metallic nanowire with two linear electronic energy bands
which cross at the Fermi level and contribute two conduc-
tance quanta (=4e2/h) to the conductance when the tube
is defectless. These two quantum channels at the charge
neutrality point also lead to a plateau of conductance on
a quite important interval of energies (∼2.5 eV).

In Figures 18b and 18c, the ab initio electronic prop-
erties and the corresponding electronic conductance are
presented for a (9, 0) and (10, 0) zigzag nanotubes, respec-
tively. Again, the first-principles calculations confirm the
general features of the electronic structure obtained in the
tight-binding approach. Indeed, as mentioned previously,
the opening of a secondary gap (pseudogap) at the Fermi
energy produced by the curvature of the graphitic walls
in the (9, 0) nanotube can be observed. In the (10, 0) case,

predicted to exhibit a semiconducting behavior, a primary
gap of 0.8 eV is predicted, leading to a zero transmission
for that specific energy window. At last, in order to be
as exhaustive as possible, the ab initio electronic proper-
ties and the conductance of the (8, 2) are illustrated in
Figures 18d. Although the single-band model would have
proposed a metallic tube, the first-principles calculations
predict a semiconducting system with a very small pseu-
dogap related to the curvature of the nanotube, as for the
(9, 0) nanotube.

However, all these ab initio values predicted for the
conductance are the uppermost theoretical limits that
would be experimentally measured. In practical situations,
lower values are observed since reflection-less transmis-
sion at the interface between the voltage probes (metal-
lic leads) and the nanotubes is fundamentally limited
by interface symmetry mismatch, inducing Bragg-type
backscattering. Additionally, topological and chemical dis-
orders, as well as intershell coupling, introduce intrin-
sic backscattering along the tube, which also reduce its
transmission capability. To account for both effects, one
generally introduces Tn(E) ≤ 1, the transmission ampli-
tude for a given channel, at energy E, so that G(E) =
G0

∑
n=1,N⊥ Tn(E) [82], as illustrated in the following for

the case of topological defects and doping in carbon nan-
otubes.
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Fig. 19. (Color online) Quantum ab initio conductance of a (5, 5) armchair nanotube containing (a) a bare D3h monovacancy
and a reconstructed Cs vacancy in two different positions: (b) tilted or (c) perpendicular to the axis of the tube. Atomic
structures of the corresponding defects are shown in insets.

The effects of impurities and local structural defects on
the conductance of metallic carbon nanotubes have been
calculated using ab initio techniques within the Landauer
formalism [85]. For example, with a point (single-atom)
vacancy, the conductance shows one broad dip (valence
region) and two narrower dips (conduction region) as
illustrated in Figure 19a. The reduction of conductance
at the broad dip is 1G0 with approximately half reflec-
tion of both π and π∗ bands. Because a single impurity
breaks the mirror symmetry planes containing the tube
axis, an eigenchannel is a mixture of the π and π∗ bands.
Consequently, an electron in an eigenchannel here is either
completely reflected or completely transmitted. The loca-
tion of the broad dip in the present ab initio calculation
(−1.2 eV with respect to the charge neutrality point) is
quite different from the results obtained by the single-band
tight-binding model which predicts a single dip exactly at
the Fermi level [86]. However, electron-hole symmetry is
no longer valid in a more realistic ab initio calculation,
and the dip position moves. Moreover, two other narrower
dips are observed closer to EF and originate from resonant
scattering by quasibound states derived from the broken
σ bonds around the vacancy (Fig. 19a). The σ bonds be-
tween the removed atom and its neighbors are broken, and
dangling bonds are produced which are mainly composed
of π orbitals parallel to the tube surface. Since σ-bond
states are orthogonal to the π valence band states, a very
weak coupling is present between them. Among three qua-
sibound states derived from three dangling bonds, one is
an s-like bonding state which lies well below the first lower
subband (outside the scope of the figure). The other two
states are orthogonal to it (i.e., partially antibonding) and
give rise to the two narrower dips in the conduction region
as shown in Figure 19a. However, the interaction among
the dangling σ bonds causes substantial atomic relax-
ations, thus inducing the reconstruction of the bare mono-
vacancy (D3h symmetry) into a more stable vacancy struc-
ture exhibiting Cs symmetry (Figs. 19b, 19c) [87]. More
specifically, the D3h vacancy undergoes a Jahn-Teller dis-
tortion upon relaxation, where two of the atoms near the
vacancy move closer, forming a pentagon-like structure
while the third atom is slightly displaced out of the plane.
In addition, the vacancy can adopt two different positions
related to the hexagonal network of the nanotube: a tilted
position (Fig. 19b) or a perpendicular position (Fig. 19c)

Fig. 20. (Color online) Effects of a 0.1% concentration of
boron substitutional impurity on the conductance of a (10, 10)
carbon nanotube. The conductance as a function of the inci-
dent energy E displays a large dip located in the 2G0 plateau
of the tube, located in the valence band region (−0.5 eV
with respect to EF ). A hundred carbon atoms are ran-
domly substituted by boron dopants in a 2500 cells nanotubes
(100 000 sites). This 10 nm doped nanostructure is schemati-
cally illustrated in the inset. Adapted from reference [89].

regarding the axis of the nanotube. The tilted vacancy is
found to be the most stable configuration with a ΔE =
1.34 eV energy difference compared to the perpendicular
case [88]. However, both vacancies have a significant in-
fluence on the electronic structure of the tube, imposing
important backscattering to incoming electrons at specific
energies. In fact, the accurate positions of the vacancy-
related quasibound state levels depend on various factors
such as its atomic configuration, its orientation versus the
axis of the tube, and the nanotube diameter [85].

Identically, substitutionally doped boron or nitrogen
produces quasibound impurity states of a definite parity
and reduces the conductance by a quantum unit 2e2/h via
resonant backscattering [85]. The conductance of a (10, 10)
carbon nanotube with a 1% concentration of boron impu-
rity is calculated using tight-binding methods correlated
to ab initio calculations [89] and is presented in Figure 20.
The conductance of the doped tube is found to be virtually
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Fig. 21. (Color online) Atomic structures, electronic band structures and quantum conductances (electronic transmission)
of various graphene nanoribbons: (a) 16-armchair GNR, (b) 17-armchair GNR, 8-zigzag GNR with (c) anti-parallel (↑↓) or
(d) parallel (↑↑) spin orientations between the two magnetic edges. The spin-dependent transport is evaluated for both magnetic
configurations of the 8-zGNR (c–d) but is only visible for the parallel (↑↑) spin orientations (ferromagnetic one). In such case,
one spin orientation is labeled α-spin (in black) while the other is labeled β-spin (in red).

unchanged at EF , meaning that the impurity potential
does not scatter incoming electrons at this energy. On the
other hand, a quite pronounced dip is observed in the
conductance below. The amount of reduction at this dip
is 1G0. A nitrogen substitutional impurity has similar ef-
fects on conductance, but on the opposite site of the charge
neutrality point [85]. These resonant states of dopants in
nanotube suggest strong similarities to acceptor or donor
states in semiconductors.

Generic transport properties such as conduction mech-
anisms, mean-free paths, and conductance scalings can be
derived using a Kubo-Greenwood real-space approach [89]
for various concentration of randomly distributed boron
and nitrogen dopants. For a low density of dopants
yields diffusive regimes, with a mean-free path decreas-
ing linearly with dopant concentration following the Fermi
golden rule, and increasing linearly with nanotube diam-
eter. Moreover, the estimated electronic mean-free paths
are in the order of 175–275 nm for boron-doped nanotubes
with diameters in the range 23 nm and 1.0% of doping, in
good agreement with experimental data. Consequently, a
small amount of dopants (
0,5%) can drastically modify
the electronic transport properties of the nanotube, which
is certainly a key effect feature for envisioning nanoelec-
tronics.

5.2 Quantum transport in carbon nanoribbons

In contrast to carbon nanotubes, quantum transport
properties of GNRs are expected to strongly depend on
whether their edges exhibit the armchair or the zigzag con-
figurations. Indeed, in the previous sections, the electronic
properties of GNRs have been predicted using the single-
band model and ab initio calculations, revealing a depen-
dence on the edge topology [28]. The armchair GNRs are
semiconductors with energy gaps which decrease as a func-
tion of increasing ribbon widths. As mentioned earlier,
the gaps of the N -aGNRs depend on the N value, sep-
arating the ribbons in three different categories (all ex-
hibiting direct band gaps at Γ ). The band structures and
the corresponding quantum conductances of two armchair
GNRs are illustrated in Figures 21a, 21b. The 16-aGNR
is a ∼0.8 eV gap semiconductor, thus inducing a quite
large energy interval where no transmission is allowed
(Fig. 21a), while the gap of the 17-aGNR is reduced to
less than 0.2 eV (Fig. 21a). The region of zero conduc-
tance is also reduced accordingly, and a very small exter-
nal electric field would induce an electronic transmission
through one channel (1G0 for the conductance). Identi-
cally, nanoribbons with zigzag shaped edges also exhibit
direct band gaps which decrease with increasing width.
However, in zGNRs, quantum transport is dominated by
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Fig. 22. (Color online) Electronic transmission functions of a 8-zGNR in the presence of an isolated carbon adatom (a)–(c) or an
isolated vacancy (b)–(d) localized around the ribbon axis, in either the a ↑↓ configuration (a)–(b) or the ↑↑ configuration (c)–(d)
of the ribbon edges. The spin α and spin β components are presented in blue and red, while the dotted line indicates the number
of π channels in the pristine nanoribbon.

edge states which are expected to be spin-polarized ow-
ing to their high degeneracy. Indeed, due to topolog-
ical reasons, zigzag-shaped edges give rise to peculiar
extended electronic states which decay exponentially in-
side the graphene sheet [28]. These edge-states, which are
not reported along the armchair-shaped edges, come with
a twofold degenerated flat band at the Fermi energy over
one third of the Brillouin zone. The ground state of zGNRs
with hydrogen passivated zigzag edges presents finite mag-
netic moments on each edge with negligible change in
atomic structure [38], thus suggesting zGNRs to be attrac-
tive for spintronics [39]. Indeed, upon inclusion of the spin
degrees of freedom within ab initio calculations (LSDA),
the zGNR are predicted to exhibit a magnetic insulating
ground state with ferromagnetic ordering at each zigzag
edge and antiparallel spin orientation between the two
edges [38]. The total energy difference between ferromag-
netic (↑↑) and antiferromagnetic (↑↓) couplings between
the edges is of the order of ∼10 meV per edge atom for
a 8-zGNR, however, decreases as the width of the rib-
bon increases and eventually becomes negligible if this
width is significantly larger than the decay length of the
spin-polarized edge states [33]. Because the interaction
between spins on opposite edges increases with decreas-
ing width, the total energy of an N -zGNR with antifer-
romagnetic arrangement across opposite edges is always
lower than that of a ferromagnetic arrangement for low
value of N (N ≤ 30). The band structures and the spin-
dependent quantum conductances of a 8-zGNR are illus-
trated in Figures 21c, 21d in the two respective magnetic
configurations (↑↓ and ↑↑) of the ribbon edges. The ↑↓ spin
configuration of the 8-zGNR conserve the semiconducting
behavior of the GNR family, and its electronic transmis-
sion function displays a gap of 0.5 eV around the Fermi
energy (Fig. 21c). On the contrary, in the ↑↑ spin config-

uration, the 8-zGNR becomes metallic, inducing a non-
zero electronic transmission function at the Fermi energy
(Fig. 21d). In addition, the spin-dependent conductance
calculation also reveals that the transmission of π elec-
trons with one type of spin orientation (α-spin) is favored
for a energy region around −0.5 eV below the charge neu-
trality point. On the contrary, π∗ electrons with the other
orientation (β-spin) are more easily transmitted around
+0.3 eV above the Fermi energy.

However, ideal zigzag GNRs are not efficient spin in-
jectors due to the symmetry between the edges with oppo-
site magnetization. In order to obtain net spin injection,
this symmetry must be broken [90]. Incorporating defects
(such as vacancies or adatoms) in the GNR or imperfec-
tions at the edge which usually cannot be avoided ex-
perimentally, break the symmetry between the edges and
could thus influence the spin conductance of the GNR.
In addition, the introduction of magnetic point defects in
zGNRs favors a specific spin configuration of the edges.
As an example, the ↑↑ spin configuration is favored when
vacancies or adatom are introduced around the ribbon
axis. Consequently, point defects are also expected to play
a key role on the transport properties of zGNRs [91].
Ab initio calculations of the electronic transmission func-
tions are performed within the Landauer approach using
a supercell containing the point defect connected to two
leads consisting of a few unit cells of ideal 8-zGNR. Both
the (↑↓) semiconducting and the (↑↑) metallic spin con-
figurations of the ribbon are considered (Fig. 22).

The main impact of the magnetic point defects on the
transport properties is a global reduction of the trans-
mission associated with the π and π∗ electrons. This is re-
lated to a decrease of the transmission probability of some
π−π∗ conduction eigenchannels compared to the pristine
8-zGNR. Within the (↑↓) semiconducting configuration
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(a) (b) (c) (d)

Fig. 23. (Color online) Atomic structure model (a), electronic band structure (b) and quantum conductance (c) of a 8-zGNR
with a reconstructed edge containing pentagons and heptagons (zz57). The π electronic states surrounding the Fermi energy
are represented in (d) and are found to be mainly localized on the zz57-reconstructed edge.

(Figs. 22a and b), the presence of defects essentially re-
duces the conductance for energies ranging from −0.80 to
−0.3 eV (π channels) and from 0.3 to 0.5 eV (π∗ channels),
inducing a slight breaking of the spin degeneracy. Within
the (↑↑) metallic configuration, a similar reduction of the
conductance is observed (Figs. 22c and 22d). However, the
defects also induces sharp drops in the transmission func-
tion around the Fermi level. At these energies, the elec-
tronic states localized on the defect are spin polarized and
can only mix with one of the two spin conduction chan-
nels. Consequently, the spin-degeneracy of the electronic
transmission function is lifted up just around the Fermi en-
ergy. In summary, when adatoms and vacancies are intro-
duced, the parallel spin orientation may be preferred and
the local magnetic moment of the defect adds up to the
contributions of the edges. Furthermore, a spin-polarized
transmission is observed at the Fermi energy, suggesting
the use defect-doped graphene nanoribbons as spin-valve
device (or spin-filter) in future spin-based electronics.

In contrast to carbon nanotubes, GNRs exhibit a
high degree of edge chemical reactivity, which, for in-
stance, prevents the existence of truly metallic nanorib-
bons [50,92,93]. Additionally, the discrepancy between the
theoretical electronic confinement gap and the experi-
mentally measured transport gap has been attributed to
localized states induced by edge disorder [94,95]. Sev-
eral experimental studies have also reported the char-
acterization of individual edge defects either by means
of Raman, scanning tunneling or transmission electronic
microscopy [42,96–98]. To date, several defect topologies
of edge disordered (reconstruction and chemistry) have
been proposed for GNRs, and ab initio calculations have
evidenced the stability of certain types of geometries
such as the Stone-Wales reconstruction [44,99,100]. In-
deed, at room temperature, the zigzag edge is found to
be metastable and a planar reconstruction implying pen-
tagons and heptagons (zz57) spontaneously takes place
(Fig. 23a). Such a zz57-reconstruction self-passivates the
edge with respect to adsorption of atomic hydrogen from

a molecular atmosphere. Indeed, the formation of triple
bonds with alternating single bonds is suggested by the
nearly isolated dimers at the ribbon edge, thus removing
the dangling bond bands (due to the absence of hydro-
gen) away from the Fermi level by lifting the degeneracy
almost by 5 eV [99]. Because the dangling bond bands
shift to elusive energies, the corresponding chemical reac-
tivity is also reduced, stabilizing the zz57 edge. This zz57-
reconstruction also modifies the electronic structure of the
ribbon. The presence of the edge states around the Fermi
level (Fig. 23b) makes this reconstruction ideal for con-
ductance measurements, in contrast to armchair ribbons
where the edge state is absent. Indeed, ab initio quantum
conductance of a zz57 reconstructed 8-zGNR has been
calculated and is presented in Figure 23c. The electronic
transmission is predicted to be quite high at the charge
neutrality point (G = 3G0), compared to the conventional
conductance (G = 1G0) predicted for pristine zGNRs at
the Fermi Energy (Fig. 21d). In zz57-edge reconstruc-
tion, π electrons are easily transmitted and these elec-
tronic channels are localized at the zz57-reconstructed
edge (Fig. 21d). Consequently, this novel thermodynam-
ically and chemically stable reconstruction could play a
key role in the formation of angular joints in nanorib-
bons [6]. The knowledge of the atomic structure and the
stability of the possible ribbon edges is a crucial issue
to control the experimental conditions of the formation
of graphene nanoribbons of desired properties for future
nano-electronics.

At last, doping may also be used to taylor the elec-
tronic and transport properties of GNRs. In carbon-
based materials, p-type (n-type) chemical doping can be
achieved by boron (nitrogen) atom substitution within the
carbon matrix, leading to interesting nanodevice which
are crucial for building logic functions and complex cir-
cuits [101]. As previously mentioned for metallic carbon
nanotubes, boron (B) and nitrogen (N) impurities yield
quasibound states that strongly backscatter propagating
charge for specific resonance energies [85]. In contrast with
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CNTs, doping in GNRs turns out to display more complex
features depending on the dopant position, ribbon width,
and symmetry. Indeed, the energies of the quasibound
states in GNRs are strongly dependent on the position
of the impurity with respect to the ribbon edges [102].
Binding energies of the bound state associated with the
broad drop in the conductance are found to increase as
the dopant approaches the edge of the ribbon. The large
variation of resonant energies with dopant position indi-
cates that random distribution of impurities will lead to a
rather uniform reduction of conductance over the occupied
states part of the first conduction plateau [102]. These pre-
dictions are in sharp contrast to the case of CNTs, where
resonant energies do not depend on the position of the
dopant around the tube circumference. In addition, dop-
ing effects are also found to depend on the ribbon symme-
try and width, leading for example to a full suppression of
backscattering for symmetry preserving impurity poten-
tials in armchair ribbons. Finally, chemical doping could
be used to enlarge the band gap of a fixed GNR width,
resulting in the enhancement of device performances [102].

6 Conclusion

In summary, the present review reports on the basics of
electronic and quantum transport properties in low di-
mensional carbon-based materials including 2D graphene,
graphene nanoribbons and carbon nanotubes. Although
CNTs and GNRs share similar electronic confinement
properties due to their nanoscale lateral sizes, the effects of
boundary conditions in the perpendicular direction with
respect to the system axis trigger very different electronic
and transport properties. For each nanostructure, a simple
tight-binding approach (single-band model) has been pro-
posed to describe their specific electronic behavior, and
when necessary, ab initio calculations have been used to
accurately complete the picture. Both 1D systems have
also been perturbed using topological defects (vacancies,
adatoms) or chemical doping to taylor their electronic
structure. The effect of these topological or chemical per-
turbations on the quantum transport of both CNTs and
GNRs have been predicted.

To conclude, because of their remarkable electronic
properties and structural physical properties, CNTs or
GNRs are expected to play an important role in the future
of nanoscale electronics. Not only can nanotubes be metal-
lic, but they are mechanically very stable and strong, and
their carrier mobility is equivalent to that of good metals,
suggesting that they would make ideal interconnects in
nanosized devices. Further, the intrinsic semiconducting
character of other tubes, as controlled by their topology,
allows us to build logic devices at the nanometer scale,
as already demonstrated in many laboratories. Similarly
the combination of 2D graphene for interconnects together
with graphene nanoribbons for active field effect transis-
tor devices could allow completely carbon-made nanoelec-
tronics.

The complete understanding of fundamental electronic
and transport concepts in low dimensional carbon-based

nanomaterials definitely needs for theoretical modeling
and advanced quantum simulation, together with joint
studies with experiments. Theory has been very impor-
tant to initiate, validate and orientate carbon nanotube
science, particularly as far as electronic properties are
concerned. Yet, in 1992 one year after Nanotube discov-
ery by Iijima, several groups theoretically predict their
unique behavior as metals or semiconductors. Similarly
the electronic properties of 2D graphene and graphene
ribbons were explored decades before the fabrication of
those nanostructures. Since carbon-based nanomaterials
have still probably not revealed all their secrets, numeri-
cal simulations have still good days to come in predicting
new interesting atomic topologies and their corresponding
structural and electronic properties, thus discussing their
potential impact in carbon science.
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Tans, H.L.J. Temminck, Tuinstra, L.P. Kouwenhoven, C.
Dekker, Science 283, 52 (1999)

68. A. Jorio, A.G.S Filho, G. Dresselhaus, M.S. Dreslhaus, R.
Saito, J.H. Hafner, C.M. Lieber, F.M. Matinaga, M.S.S.
Dantas, M.A. Pimenta, Phys. Rev. B 63, 245416 (2001)

69. M.J. O’Connell, S.M. Bachilo, C.B. Huffman, V.C.
Moore, M.S. Strano, E.H. Haroz, K.L. Rialon, P.J.
Boul, W.H. Noon, C. Kittrell, J. Ma, R.H. Hauge, R.B.
Weisman, R.E. Smalley, Science 297, 593 (2002)

70. S.M. Bachilo, M.S. Strano, C. Kittrell, R.H. Hauge, R.E.
Smalley, R.B. Weisman, Science 298, 2361 (2002)

71. J. Lefebvre, Y. Homma, P. Finnie, Phys. Rev. Lett. 90,
217401 (2003)



24 The European Physical Journal B

72. C.L. Kane, E.J. Mele, Phys. Rev. Lett. 78, 1932 (1997)
73. M. Ouyang, J.L. Huang, C.L. Cheung, C.M. Lieber,

Science 292, 702 (2001)
74. G.G. Samsonidze, R. Saito, N. Kobayashi, A. Gruneis,

J. Jiang, A. Jorio, S.G. Chou, G. Dresselhaus, M.S.
Dresselhaus, Appl. Phys. Lett. 85, 5703 (2004)

75. V.N. Popov, New J. Phys. 6, 5 (2004)
76. X. Blase, L.X. Benedict, E.L. Shirley, S.G. Louie, Phys.

Rev. Lett. 72, 1878 (1994)
77. N. Wang, Z.K. Tang, G.D. Li, J.S. Chen, Nature 408, 50

(2000)
78. Z.K. Tang, L. Zhang, N. Wang, X.X. Zhang, G.H. Wen,

G.D. Li, J.N. Wang, C.T. Chan, P. Sheng, Science 292,
2462 (2001)
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