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Green’s functions through equation (96). In order to be
consistent with the equations for gt and g t̄ , we must define
a generalized δ-function on the contour as

δ(τ, τ ′)→ σδ�,� ′δ(t− t′). (105)

Solutions to these differential equations can be obtained
by Fourier transform. For example, we have

(
ω2 −KR )

gr,a,t [ω] = I. (106)

Although gr , ga , and gt satisfy the same equation, their
solutions are clearly different. They have different bound-
ary conditions. The correct choice for the retarded Green’s
function gr is

gr [ω] =
[
(ω + iη)2 −KR ]−1

, (107)

where η is an infinitesimal positive quantity to single
out the correct path around the poles when performing
an inverse Fourier transform, such that gr (t) = 0 for
t < 0. Other Green’s functions can be obtained through
the general relations among the Green’s functions, e.g.,
g< [ω] = f(ω)

(
gr [ω]− ga [ω]

)
.

3.2.3 Green’s function G0 and G

To compute the Green’s functions of the nonequilibrium
and interacting systems, we need to use perturbation the-
ory and the concept of adiabatic switch-on. We can think
of two adiabatic switch-on’s as illustrated in Figure 4. We
imagine that at t = −∞ the system has three decoupled
regions, each at separate temperatures, TL , TC , and TR .
The couplings among the regions and the nonlinear in-
teractions are turned off. The equilibrium Green’s func-
tions g� at temperature T� are known and take the form
of equation (107). The couplings V LC and V CR are then
turned on slowly, and a steady state of the linear system is
established at some time t0 � 0. For this linear problem,
the result does not depend on TC ; the initial condition of
the finite center part is forgotten. Finally, the nonlinear
interaction Vn is turned on, and at time t = 0, a nonequi-
librium steady state is established.

The density matrices at time t = −∞, t0, and t = 0 are
related in the following way in the (respective) interaction
pictures:

ρ(t0) = S0(t0,−∞)ρ(−∞)S0(−∞, t0), (108)

S0(t, t′) = T e−i
∫ t

t′ V (t ′′)dt ′′ , (109)
ρ(0) = S(0, t0)ρ(t0)S(t0, 0), (110)

S(t, t′) = T e−i
∫

t
t′ Vn(t ′′)dt ′′ , (111)

where T is the time-order operator (assuming t > t′).
The contour-ordered Green’s function can be obtained

by a perturbation expansion of the interaction picture evo-
lution operators (scattering matrix operators) and is ex-
pressed as:

G0(τ, τ ′) = −i〈T� u(τ)uT (τ ′)e−i
∫

V (� ′′)d� ′′〉g, (112)

G(τ, τ ′) = −i〈T� u(τ)uT (τ ′)e−i
∫

Vn(� ′′)d� ′′〉G0 ,(113)

where in equation (112) the unperturbed system is the
uncoupled system with Green’s function g, while in equa-
tion (113) we make perturbative expansion from G0. Since
the coupling V is quadratic, its expansion leads to exact
results, e.g., Dyson equation for the central part of vari-
ables (dropping the superscript CC ),

G0(τ,τ ′)=gC (τ,τ ′)+
∫

dτ1dτ2 gC (τ,τ1)Σ(τ1,τ2)G0(τ2,τ
′),

(114)
where the self-energy due to linear interactions with the
leads is

Σ(τ1, τ2) = V CL gL (τ1, τ2)V LC + V CR gR (τ1, τ2)V RC .
(115)

Thus, the Green’s function G0 can be expressed in terms
of g exactly. Using the Langreth theorem discussed at the
end of Section 3.2.1, the contour ordered Dyson equation
gives two independent equations, the retarded version has
solution identical to equation (63), while the lesser com-
ponent can be solved to given [128]

G<
0 [ω] = Gr

0[ω]Σ< [ω]Ga
0 [ω]. (116)

However, for the nonlinear problem of the second expan-
sion, we need to use the machinery of Feynman diagram-
matic technique [137–139]. Since the nonlinear interac-
tions depend on the displacement uC , we only need to
consider the Green’s functions GCC . By expanding the
exponential in equation (113), a series in the nonlinear
interaction strength is obtained. The Feynman diagrams
generated here are identical to the field theories of φ3 and
φ4 [140], and are similar to that in references [141–143] for
phonon retarded self-energies. Since the structure of the
diagrammatic expansion of the contour ordered Green’s
functions is identical to the standard ground state (T =
0) expansion for the time-ordered Green’s function, the
Wick’s theorem [138] is also applicable here. The result of
each term in the expansion can be expressed as product
of G0.

The expansion contains connected as well as discon-
nected Feynman diagrams. The disconnected diagrams are
constant in time (not necessarily zero), and give rise to
a thermal expansion effect. We can show that these dia-
grams do not contribute to the thermal transport, as they
are proportional to δ(ω) in the frequency domain. The
thermal current formula has a factor of ω which makes it
zero. The connected part of the Green’s function satisfies
a similar contour-ordered Dyson equation [133] relating
Gc to G0 through a nonlinear self-energy Σn :

Gc(τ,τ ′)=G0(τ,τ ′)+
∫

dτ1dτ2G0(τ,τ1)Σn (τ1,τ2)Gc(τ2,τ
′).

(117)
In ordinary Green’s functions and in frequency domain
(ω argument suppressed), the above Dyson equation has
solutions [128]:

Gr
c =

(
(ω + iη)2I −KC −Σr −Σr

n

)−1
, (118)

G<
c =Gr

c

(
Σ< + Σ<

n

)
Ga

c . (119)
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We now consider the equation of motion of the central
part Green•s function GCC when there is a cubic nonlin-
ear interaction. Di�erentiat ing the Green•s function with
respect to � twice, using the Heisenberg equation of mo-
tion (on the contour � ), we get

� 2GCC
jl (�, � � )

�� �2 +
�

k

GCC
jk (�, � � )K C

kl = Š� jl � (�, � � )

Š
�

k

GCL
jk (�, � � )V LC

kl Š
�

k

GCR
jk (�, � � )V RC

kl

Š
�

ik

� �
GCCC

jik (�, � 1, � 2)Tikl (� 1, � 2, � � )d� 1d� 2. (129)

The Green•s functionsGCL and GCR can be eliminated in
favor of GCC through (transpose of) equation (124). Then
the di�erential-integral equation for GCC can be solved in
terms of GCCC and GCC

0 with the help of equation (123).
We obtain

GCC
jl (�, � � ) = GCC

0,jl (�, � � ) +
�

ikm

� � �
GCC

0,ji (�,� 1)

Tikm (� 1,� 2,� 3)GCCC
kml (� 2,� 3,� � )d� 1d� 2d� 3. (130)

This equation can be represented by a diagram. SinceGCC

is related to a three-point Green•s function, we also need
the equation of motion of GCCC . We can derive general
rules [13] for n-point Green•s functions, summarized as
follows (as shown in Fig.6):

(1) Replace leg 1 by inserting a nonlinear coupling
T(�, � � , � �� ) such that the outer leg is immediately con-
nected with G0 while the other two t erminals increase
the order of the Green•s function by 1. Quartic interac-
tion is similar, but the process will increase the order
by 2.

(2) Add imaginary unit i times a sum of then Š 1 graphs
formed by pairing each leg with leg 1 and connecting
with the propagator G0, multiplied by a ( n Š 2) order
remaining Green•s function.

(3) Symmetrize the graphs, if desired, i.e., do steps (1) and
(2) for every leg, 1, 2, · · · , n, add them up, and then
divide by n.

These rules can be programmed with a symbolic lan-
guage such asMathematica . The results are identical
to the usual expansion of exp[Š i

�
Vn (� )d� ] and applying

the Wick theorem.

3.2.5 Heat current and conductance

The formulism discussed above o�ers us computational
method for the Green•s functions, but the most impor-
tant quantity to calculate in thermal transport is the
heat current. In this subsection, we discuss the relation-
ship between the Green•s functions and heat current or
thermal conductance. The derivation of heat current for-
mula is similar to that of electron current in [ 77,128].
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Fig. 6. Recursive expansion rule for Green•s functions. A ver-
tex with n double lines denotes ann-point Green•s function.
The single line denotes G0. A single-line three-terminal vertex
is associated with T (�, � � , � �� ). From reference [13].

For interacting phonon systems, this has been carried out
in [12,13,84,130].

The average rate of energy decrease in the left lead is
the current ”ow from the left lead to the central region,

I L = Š� �HL (t)� . (131)

In steady state, energy conservation means thatI L + I R =
0. Using the Heisenberg equation of motion, we obtain, at
t = 0, I L = � ( �uL )T V LC uC � . The expectation value can be
expressed in terms of the Green•s functionG<

CL (t, t � ) =
Š i � uL (t � )uC (t)T � T . Since operatorsu and �u are related in
Fourier space as �u[� ] = Ši �u [� ], we can eliminate the
derivative and get,

I L = Š
1

2�

� �

Š�
Tr

	
V LC G<

CL [� ]



� d�. (132)

Using the result derived earlier relating the mixed lead-
center Green•s function to the center-only Green•s func-
tion (transpose of Eq. (124) with G0 replaced by G) and
applying the Langreth theorem, equation (99), we have
G<

CL [� ] = Gr
CC [� ]V CL g<

L [� ] + G<
CC [� ]V CL ga

L [� ]. The ex-
pression for the energy current is then given by

I L = Š
1

2�

� + �

Š�
d� � Tr

�
Gr [� ]� <

L [� ]+ G< [� ]� a
L [� ]

�
, (133)

where � L (�, � � ) = V CL gL (�, � � )V LC . For notational sim-
plicity, we have dropped the subscript C on the Green•s
functions denoting the central region. We can obtain a
symmetrized expression with respect to left and right lead
and make it explicitly real,

I =
1
4

(I L + I �
L Š I R Š I �

R ) =
1

4�

� �

0
d� �

Tr
�

(Gr Š Ga)( � <
R Š � <

L ) + iG < (� R Š � L )
�

, (134)

where � � = i (� r
� Š � a

� ). Equation ( 133) or (134) is valid
for any “nite temperature d i�erences of the leads.

We de“ne the thermal conductance as

� = lim
	T � 0

I
�T

=
�I
�T

, (135)
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Fig. 8. Thermal conductance as a function of temperature for
a 1D junction with three atoms in di�erent approximations.
The harmonic spring constants are kL = 1 .56, kR = 1 .44,
kC = 1 .38 (eV/( �A2amu)). The coupling between the center
and leads is the same as the spring constants of the respec-
tive leads. The nonlinear strength is t = 1 .8 eV/( �A3amu3/ 2),
with an interaction of the form ( t/ 3)

�
(uj Š uj +1 )3 . Small on-

site quadratic potentials are applied to the leads with spring
constants konsite

L = 0 .006, and konsite
R = 0 .013 (eV/( �A2amu)).

From reference [12]. The squares and crosses are the molecular
dynamics results for the ballistic and nonlinear systems, respec-
tively, from this work. The MD step size is �t = 3 × 10Š 16 s
with 5 × 108 MD steps.

with the same kinetic energy,

NkB TMD =
�

k

� � k



1

exp(� � k / (kB T)) Š 1
+

1
2

�
,

(141)
where the summation is over the vibrational modes. The
conductivity is also scaled by [150]

� = � MD
dTMD

dT
, (142)

which is e�ectively multiplying the classical value by the
quantum heat capacity of the corresponding harmonic lat-
tice. Both equations (141, 142) are plausible but lack a
more rigorous basis. Another approach is the centroid
molecular dynamics proposed by Cao and Voth [152,153].
This appears very sophisticated. The main di�culty here
is to obtain the temperature-dependent e�ective potential
for the molecular dynamics.

In reference [154], we proposed a method based on a
generalized Langevin dynamics. The quantum Langevin
dynamics is well studied [155,156]. However, its use in
thermal transport is only recent [83,157]. The idea is to
consider a quantum Langevin equation where the degrees
of freedom of the leads are eliminated in favoring that
of only the central interact ing region. This can be per-
formed exactly if the leads and the couplings between
the center and leads are linear. Then the central part
is treated as a classical system, while the leads retain
quantum-mechanical properties. This amounts to a quasi-
classical approximation of the quantum Langevin equa-

tion [158,159]. Such a treatment also works for electron
transport, and electron-phonon interactions [160].

With the Hamiltonian de“ned by equation ( 1), the cor-
responding quasi-classical generalized Langevin equation
is given by [154]

üC = ŠK C uC + Fn (uC)Š
� t

t 0

� r (t, t � )uC (t � )dt� + � L + � R ,

(143)
where Fn = Š�V n /�u C is the nonlinear force, � r is the
retarded self-energy of the leads,� r = � r

L + � r
R , as used

in the NEGF calculation, but in the time domain; � r
L =

V CL gr
L V LC . A similar equation holds for the right lead

� r
R using the right lead surface Green•s function.

The noise � L (t) or � R (t) has zero mean and a cor-
relation matrix determined by the temperature and the
model of the leads. Using the (surface) density of states,
the expression for the correlation can be simpli“ed to get
a rather compact result for the spectrum of the noises [83],

�F [� ] =
� �

Š�

 
� L (t)� T

L (0)
!
ei�t dt =

�
f L (� ) +

1
2

�
� � L [� ],

(144)
where � L [� ] = i

	
� r

L [� ] Š � a
L [� ]



= Š2 Im V CL gr

L [� ]V LC ,
and f L (� ) is the Bose-Einstein distribution function at the
temperature of left lead. The situation for the right lead is
analogous. The spectrum function �F [� ] is even in � and
is a symmetric, positive semide“nite matrix. A classical
limit is obtained if we take

	
f L (� ) + 1 / 2



� � kB TL /� .

The steady state thermal current can be computed in
several equivalent ways:

I L = ŠI R = Š
 dHL

dt

!
= � ( �uL )T V LC uC �

= Š� uC (t)T �B (t)� = � �uC (t)T B (t)� , (145)

where B (t) = Š
� t

t 0
� r

L (t, t � )uC (t � )dt� + � L (t).
If Vn = 0 the linear Langevin equation can be solved

analytically. The result for the thermal current repro-
duces exactly the Caroli formula [83]. On the other hand,
if temperature is su�ciently high (e.g., 1 / 2 of the De-
bye temperature), the nonlinear Langevin equation agrees
with classical MD result (wi th appropriate heat baths).
For nonlinear systems with Vn �= 0, the equation can be
solved numerically. At low temperatures, the transport is
mostly ballistic, the dynamics correctly reproduces quan-
tum results and agrees wellwith NEGF calculation [ 154].
At the intermediate temperature range, where both quan-
tum and nonlinear e�ects are strong, the dynamics gives
only approximate results. However, we note that the quasi-
classical approximation can be systematically improved, if
we use the techniques proposed in [161…168]. For example,
the leading order correction is obtained if we enlarge the
equation set to include variablesu2, up, and p2 (p = �u) as
independent variables. Thus, the dynamics can provide a
nonperturbative solution to the quantum transport prob-
lems.

In Figure 8 we show comparisons of MD and NEGF re-
sults. For the ballistic case, the agreement is perfect with
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Fig. 9. Energy (a) and heat capacity (b) per degree of freedom
for the 1D chain models studied in reference [154]. The solid
lines are exact results for a 1D harmonic chain of length N =
128 with periodic boundary condition, while the circles are
obtained for the same model from the MD with quantum heat-
baths at the ends; the crosses are the MD results of a nonlinear
model with an extra quartic onsite potential, µ

4

∑
u4

j , with

µ = 1 eV/(Å4amu2).

very high precision. For the nonlinear system, in order to
have a stable MD, we have added an additional quartic po-
tential, µ/4

∑
(uj − uj +1)4, with µ = 0.6 eV/(Å4amu2) in

the simulation, thus the comparison is hardly on an equal
footing. The discrepancy at low temperatures between
NEGF and the MD has to do with the zero-point mo-
tion contribution. In the noise spectrum, equation (144),
the 1/2 in fL + 1/2 represents a contribution from zero-
point vibration of the quantum oscillators. We can replace
fL + 1/2 by fL (ω) for ω > 0 and −fL (−ω) for ω < 0, and
it will not have any effect to the thermal current of a bal-
listic system. But the removal of the zero-point motions
does have some consequences to the nonlinear system un-
der quasi-classical approximation.

It is interesting to note that the Langevin dynamics
with quantum heat baths also provides a way to compute
the equilibrium energy, and by numerical differentiation,
the heat capacity of the quantum models. The energy is
obtained by the MD averages of the classical expression
of kinetic energy plus the potential energy, with a left
and right bath at the same temperature. A comparison of
the exact and MD results is presented in Figure 9 for the
linear chain. For nonlinear systems in thermal equilibrium,
an alternative method is (path-integral) quantum Monte
Carlo [169].

3.4 Other treatments of nonlinear effects

In this subsection, we briefly mention several other ap-
proaches for treating the nonlinear quantum thermal
transport for dielectric materials. In references [170–172]
Michel et al. used Hilbert space average method to derive
diffusion-like equations on 1D chains, thus justified the
Fourier’s law and computed the thermal conductivity from

Hamiltonian model parameters. These models are ideal-
ized so that each site has a band of excited states separated
by an energy gap from the ground state. The couplings be-
tween the sites are assumed weak. Diffusion equation of
the form, dPµ /dt = γ(Pµ−1−2Pµ +Pµ+1), can be derived,
where Pµ is the probability that site µ is at excited states.
The diffusion constant γ is then related to the thermal
conductivity. Segal et al. studied thermal rectifying effects
of quantum systems with somewhat similar approach of
subspace projection, where again diffusion-like rate equa-
tions are derived for the occupation probabilities of the
quantum states [173–176]; the nonlinearity is introduced
by restricting to two-level or finite-level systems. In ref-
erence [177] a master equation approach for more general
systems is considered and the Fourier’s law of heat conduc-
tion is derived. The approximations made always put the
systems in diffusive regime. It seems to us that it is difficult
to address the issue of transition from ballistic behavior at
short time and length scales to diffusive behavior at long
time and length scales in the above approaches, but see ref-
erence [178] for such possibilities. In references [179–181]
heat flow through model molecular and nanocrystal junc-
tions is treated using Fermion-golden rule for the rate
of phonon relaxations. The Fermi-Pasta-Ulam chain is
treated quantum-mechanically in reference [182]. The au-
thors find an L0.4 divergence for the thermal conductivity
by considering the relaxation rates of the phonon modes.
In references [83,183], self-consistent reservoirs are applied
to harmonic chains to mimic a nonlinear effect. An ef-
fective phonon theory for heat conduction is proposed in
references [184,185] for anharmonic lattices.

4 Electron-phonon interactions

In this section, we extend the NEGF method in Sec-
tion 3.2 to include the electron subsystem and electron-
phonon interactions (EPIs). The study of EPI in the con-
text of nanoscale electronic transport is an important field
which has attracted intense research recently [6,186]. An
extensive discussion of this issue is certainly out of the
scope of current review. Here we only concentrate on
one special aspect, namely the current induced heating in
nanostructures. Different schemes exist in the literature
to study this effect [187–198]. When the EPI is strong,
a canonical transformation is useful to study a minimum
model system [6,84,133,197]. But it is not applicable to
large systems. On the other hand, perturbative approaches
based on the lowest order Born approximation are ap-
plicable for relatively weak interactions [84,188,196,198].
Actually, it has already been used in the first princi-
ples study [194–196]. Hybrid approaches also exist, where
the electrons are treated quantum-mechanically, while the
phonons use MD with quantum corrections [187,191–193].
In our NEGF formalism, we use the mean field method
based on the lowest order Born approximation, the so-
called self-consistent Born approximation (SCBA).

The Hamiltonian of the whole system is the sum of the
electron and phonon part. Consisting with equation (1),
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Fig. 10. Heat generation Q as a function of electrical onsite
energy � for a quantum dot coupled with 1D leads (Ref. [ 198]).
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can also be written in terms of Green•s functions [198],

Q = i

+ ��

Š�

d� �

2�

+ ��

Š�

d�
2�

�
�

nmikl

D >
nm [� � ]

× M k
mi G<

kl [� ]D <
ij [� � Š � ]M l

jn . (161)

Equation (161) can be used to study the Joule heating in
nonequilibrium molecular junctions. Similar results have
also been derived by other authors [84,196,197].

In Figure 10, we show the heat generation as a func-
tion of onsite energy of a single quantum dot coupled with
two 1D leads, calculated using equation (161). When the
applied bias is less than the phonon energy� = 0 .06 eV,
there is no heating. When the bias energy is slightly larger
than � and less than 2� , there are two energies where the
heat generation is the largest. These two peak positions
are approximately at Š0.5 eV + � and 0.5 eV Š � . They
merge into a single one at a bias of 2� until it reaches
saturation. After that, this peak broadens to a ladder.
These interesting features are unique properties of nanos-
tructures, absent in the bulk case.

5 Experiments in nanostructure heat
transport

Some of the earliest direct mesoscopic thermal conduc-
tance measurements are done on patterned semiconductor
structures with cross section sizes of few hundred nanome-
ters [199]. The calorimetry on such a small scale is a chal-
lenge, but very promising, e.g., one may count the number
of phonons in a nanostructure [200]. In 2000, such type of
devices is used to con“rm the universal thermal conduc-
tance quanta at temperatures below 1 K [27]. Bridges of
catenoidal shape are used, based on an earlier theoretical

analysis that such geometric shape gives the maximum
transmission [17]. Other extensively studied systems are
carbon nanotubes. Initially, only mats or rope bundle or
“lm form can be measured, given a relatively low thermal
conductivity of order 100 W/(mK) at room temperature
[201…203]. The initial theoretical p redictions by molecular
dynamics for single nanotubes along the axial direction are
much higher [204,205]. Indeed, individual multiwalled and
single wall carbon nanotubemeasurements became possi-
ble, and the measured values are about 3000 W/(mK)
at room temperature by several groups [206…209]. Typ-
ically, these measurements use tube lengths of fewµm.
The length dependence e�ects are analyzed in [209] and
observed in [210]. In reference [211], it is claimed that
ballistic phonon transport is consistent with experimental
data, even for temperatures as high as 900 K for submi-
cron tube lengths. Another class of systems is individ-
ual silicon nanowires [212…214]. It has been observed that
rough and small diameter silicon nanowires have a low
thermal conductivity; this property can be used for good
thermoelectric applications [214]. Thermal recti“cation ef-
fect has been observed in carbon nanotubes with one side
of the tube deposited with C9H16Pt [215]. However, the
observed e�ect is rather small, at a level of few percents.
Another way of explicit control of the heat ”ow in nanos-
tructure is using a tunable thermal links [216], where a
multiwalled carbon nanotube is cut and the outer layers
of the tube can be moved mechanically with respect to
the inner layers. Much large modulation is then possible.
In reference [217], it is demonstrated that the carbon nan-
otube heat conduction is rather robust again bending and
deformation. Phonon transport in point contact of metal-
insulator is studied in reference [218]. The studies of ther-
mal transport at an individua l molecular level are scarce.
But impressive progress is made recently [219…221]. In ref-
erence [221], alkane chain anchored to a gold substrate is
heated to about 1100 K, the propagation of the heat waves
is timed. This timing information indicates that the heat
transport at such scale of few nanometers is ballistic. The
thermal conductance was inferred to be 0.05 nW/K.

6 Conclusion

Using a general junction model as an illustration, we con-
sider the problem of theoretical modeling of heat transport
in nanojunctions. If the nonlinear forces can be omitted,
this would be the case if temperature is low or the sizes
of the system is small, the Landauer formula gives a very
good description of the ballistic thermal transport. We
give a derivation of the Landauer formula from the wave
scattering point of view. A derivation from NEGF is also
outlined as a special case ofthe more general nonlinear
result. Several di�erent ways of calculating the transmis-
sion coe�cient appearing in the Landauer formula are re-
viewed. Among the alternative computational methods,
the calculation based on Caroli formula and the iterative
algorithm of the surface Green•s functions is the most ef-
“cient computationally for the total transmission coe�-
cient T [� ]. The mode-matching method gives the results
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