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Abstract. Emerging ultrastrong-laser capabilities that can reveal details of vacuum structure have inten-
sified research into the fundamentals of quantum electrodynamics. It has been more than half a century
since relativistic nonperturbative methods were introduced into the study of strong-field phenomena. Much
of the early progress remains of fundamental relevance, but is known to only a small group of researchers.
The aim of this paper is to reveal some of that work and to show how it impacts on current investigations.
A basic result is that it has been shown that strong, single-mode fields (i.e. laser fields) can be treated
by relativistic quantum mechanics with results identical to fully quantized electrodynamics. Attention is
drawn to the existence of a Volkov Green’s function that has a clear physical interpretation as predict-
ing several series of relativistic Floquet sideband states. It is more transparent and informative than the
Volkov Green’s function of Schwinger. It is also shown that the fundamental experiments performed at the
Stanford Linear Accelerator Center in 1997 on photon-multiphoton pair production could not be a high-
order perturbative result, as was presumed by the investigators. The intensity employed was beyond the
radius of convergence of perturbation theory, and the seeming perturbative increase in rate with intensity
is an artifact. Of particular significance is the demonstration that a free electron in a strong plane-wave
field (a “Volkov electron”) exists in an intensity-dependent superposition of angular momentum states,
and is no longer a simple spin-1/2 particle.

PACS. 12.20.-m Quantum electrodynamics — 14.60.Cd Electrons — 13.40.-f Electromagnetic processes and

properties

1 Introduction

The expectation of major advances in laser capabilities
has placed a new focus on the fundamentals of quantum
electrodynamics (QED). An often-mentioned goal is to ap-
proach the “Schwinger limit” [1], where the electric field
of the laser would, in itself, be sufficient to create electron-
positron pairs from the vacuum. (With the proviso that a
pure plane wave cannot, by itself, create pairs.) More gen-
erally, there is renewed interest in all aspects of the struc-
ture of the vacuum. QED occupies a special place among
the methods available to physics. It has proven itself to
be capable of remarkable quantitative agreement between
theoretical predictions and precise laboratory measure-
ments, as exemplified by the anomalous magnetic moment
of the electron, where agreement now extends to one part
in 102 [2,3]. Nevertheless, fundamental questions remain.

After its initial establishment in the late 1920s and
early 1930s, QED acquired important new theoretical
power about twenty years later when covariant methods
were introduced. Much of that work centered around the
late John A. Wheeler and his students, including both the
achievements of the famous Richard P. Feynman and the
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lesser-known activities of John S. Toll. Toll’s contributions
to QED were reported in a voluminous 1952 Princeton
dissertation [4] that was never published, but nevertheless
has strong connections to current research on the prop-
erties of the vacuum. These connections flow from the
dissertation itself and from the efforts of Toll in train-
ing people and establishing organizations that could carry
on the work. Some details about this little-known history
are recounted in Appendix A.

One fundamental question that remains unresolved fol-
lows from the “Dyson Dilemma”. Dyson showed [5] by a
simple qualitative argument that an expansion of QED
in a perturbative series possesses an essential singularity
at the origin in the complex coupling-constant plane. This
means that the unparalleled predictive power of QED that
was just remarked upon comes from a theoretical founda-
tion that has a basic weakness: a zero radius of conver-
gence for perturbation theory. This is understood as the
behavior of an “asymptotic series”, where a finite num-
ber of terms in an expansion will give valid predictions,
but at some higher order in the expansion the theory will
fail. It is plain that this point has not been reached, but
the Dyson Dilemma remains a worrisome indicator that
contradictions may eventually arise.
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Toll suggested to the present author that an alternative
procedure should be investigated to see if the Dyson prob-
lem persisted. The suggestion was to employ the methods
of relativistic quantum mechanics (RQM) to solve a basic
vacuum-structure problem exactly, and then to explore
the analytical properties of the result obtained. The es-
sential difference between RQM and QED for this task
is that the electromagnetic field is regarded in RQM as a
non-depletable external field that is not second-quantized.
The problem selected for analysis was the creation of pairs
by the collision of a single energetic photon with an intense
beam of coherent photons. Within the context of RQM,
the electron-positron pair could be treated by the exact
Volkov solution [6-8] of the Dirac equation for a charged
particle in a plane-wave electromagnetic field. The Ph.D.
dissertation [9] based on this suggestion thus constituted
the underlying theory for the eventual laboratory realiza-
tion of this process by Burke et al. [10].

Section 2 that follows reveals the outcome of that work
motivated by the Dyson Dilemma. RQM does not suffer
from the singularity at the origin of QED, but the ex-
pansion parameter itself is altered from the fine-structure
constant a to an intensity-dependent object that retains a
proportionality to a.. Further, it was shown that although
the RQM theory has no essential singularity at the ori-
gin, there are other singularities in the complex coupling-
constant plane that place intensity-dependent limits on
the radius of convergence of a perturbative expansion in
the background (i.e. laser) field. These limits on a per-
turbative expansion in the laser field are of considerable
current importance in the application of strong laser fields
to physical problems.

The properties of the experimental observation of
photon-multiphoton pair production [10] are examined
in Section 3. In particular, the experimentalists regarded
their result to be perturbative in the laser field employed
for the multiphoton background field, and they described
the process as the scattering of light by light. Both of these
assessments are questioned here. The experiments were
nevertheless historic in that it was the first laboratory cre-
ation of particles with mass from an initial state possessing
no mass whatever [11]. That is, although the production of
pairs in the presence of the Coulomb field from a spectator
particle is commonplace, and the annihilation of particle-
antiparticle pairs into pure energy is equally well-known,
nevertheless the creation of mass from an initial state pos-
sessing only electromagnetic energy was observed for the
first time in 1997 [10] at the Stanford Linear Accelera-
tor Center (SLAC). In the dissertation of the present au-
thor, and in the publications that followed from it [12,13],
there is sufficient information to show definitively that the
SLAC experiment was not perturbative, and the seeming
perturbative behavior arising from the slope of a log-log
plot of pairs produced as a function of field intensity, is
a known artifact of strong-field physics [14]. As a sepa-
rate matter, it is not clear to the present author how a
process with no outgoing photon lines can be described
as “photon-photon scattering”. A more accurate descrip-

tion is “absorption of light by light” [9,12] or, to be very
explicit, “photon-multiphoton pair production”.

It is argued in Section 4 that, in physical processes
arising from strong laser fields, the use of RQM meth-
ods in place of a fully second-quantized theory is entirely
justified. First, the notion that there is a need to have an
infinite sea of occupied negative energy states is contested.
This assumption underlies the often-cited argument that
the occupied negative-energy states require the use of sec-
ond quantization of the electron and of the electromag-
netic field. Then the utility of the Volkov Green’s function
is established. Such a Green’s function was first presented
by Schwinger [1], but it is of such complicated and im-
plicit form that this author is unaware of any practical
application of it. However, with the simple hypothesis of
Floquet symmetry (i.e. the presence of a monochromatic
field) it is possible to write a Green’s function with trans-
parent properties [15]. Specifically, it is clear how the usual
particle-antiparticle poles in a Feynman propagator give
rise to families of generalized Floquet states associated
with those poles.

The material in Section 4 contains also the explicit
demonstration that a perturbative expansion in QED can,
in sufficiently simple circumstances, be summed exactly to
yield the same result as a nonperturbative Volkov-function
theory of the same problem [16,17]. An interesting as-
pect of this work is the identification of those terms in
an infinite-order perturbative expansion that give rise to
the intense-field mass shift [9,12,13,18,19]. It also becomes
clear why the mass shift does not arise in any finite order
of perturbation theory.

Section 5 contains a brief discussion of the properties of
the “Volkov electron” that distinguish it from an ordinary
electron. These properties include the fact that a Volkov
electron is not a simple spin-1/2 particle, but rather it
exists as a particle in an intensity-dependent superposition
of many angular momentum states.

Appendix A reviews some of the history of vacuum
QED as it followed from the work of Wheeler, Feynman,
and Toll.

Appendix B contains a demonstration, somewhat pe-
ripheral here but important in general, that the common
practice in special relativity of viewing the electron mass
as a velocity-dependent variable is to be deplored. It is not
only unnecessary, but it needlessly destroys the covariance
of any theory.

2 The Dyson dilemma

In a brief paper, Dyson [5] presented the argument that
QED does not possess the analytical properties necessary
for a convergent perturbation expansion. A convergence
investigation requires the properties of the full theory as
revealed in the complex coupling-constant plane. A sim-
ple physical argument reveals that a change in the sign
of the coupling constant « (i.e. its behavior on the neg-
ative real axis) leads to a divergent result. This property
is sufficient to conclude that there must be an essential
singularity at the origin in the complex « plane, and thus
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the radius of convergence is zero for an expansion of QED
in powers of a. The foundations of the remarkably useful
and accurate Feynman-Dyson covariant perturbation the-
ory are thus placed in question. To date, there has been
no refutation of the Dyson argument. QED perturbation
theory has, in consequence, been regarded as an asymp-
totic expansion that is well-behaved up to some order in
the expansion, but must eventually diverge. The remark-
able success of covariant perturbation theory, now known
to match the precisely measured value of the anomalous
magnetic moment of the electron to within one part in
1012 [2,3], shows that perturbation theory does not suffer
from its asymptotic character to eighth order.

2.1 RQM in place of QED

The question arises whether RQM has the same conver-
gence problem as QED. A way to investigate this matter is
to find and execute a calculation within RQM that avoids
a perturbative expansion, and to then explore the result
for its analytical properties. The suggestion of Toll was to
employ Volkov solutions [6-8] to evaluate the production
of electron pairs in the collision of an energetic photon
with an intense beam of photons; a problem that can be
described as the “absorption of light by light”. This pro-
posal was made in 1955, before the advent of the laser.
The energetic photon can be treated as a first-order per-
turbation, but the description of the “background” intense
photon field was represented as the promotion of a Volkov
electron from a negative energy state to a positive energy
state, a standard procedure in “hole theory” to represent
the production of an electron-positron pair. The expres-
sion “Volkov electron” has the meaning that the interac-
tion of the electron with the field is expressed in terms
of the known exact solution of the Dirac equation for an
electron in a plane-wave electromagnetic field. The prob-
lem is thus exact in terms of the background field, within
the RQM context.

It is often stated that the existence of negative en-
ergy states means that they must be filled, so that the
Pauli Principle will serve to prevent the spontaneous de-
cay of electrons into the negative-energy continuum. It re-
quires an infinite number of electrons to accomplish that
feat. That, in turn, then requires a many-body theory. Ex-
actly that hole-theory language was used in the preceding
paragraph in describing pair production as the promo-
tion of an electron from a negative-energy state into a
positive energy state. However, the perceived necessity of
filling all negative energy states is misleading. Consider,
for instance, the relativistic treatment of spinless parti-
cles. That can be done with the Klein-Gordon equation,
and that equation also predicts negative energy states.
One cannot evade the problem of spontaneous decay of
positive energy bosons into negative energy states by re-
course to the Pauli Principle, since the Pauli Principle ap-
plies only to fermions like the electron, and not to bosons
like spin-zero particles. This apparent paradox with the
Klein-Gordon equation prevented its practical use until
it was pointed out by Pauli and Weisskopf [20] that the

negative energy states of a particle were really equivalent
to positive energy states of the antiparticle. The seeming
promotion of a particle from a negative energy state into
a positive energy state is equivalent to the simultaneous
production of a particle-antiparticle pair, both with posi-
tive energy.

The same procedure employed with the Klein-Gordon
equation can be applied to the Dirac equation, thus re-
moving the putative need for a filled sea of negative en-
ergy states along with its concomitant requirement for a
many-body theory. That replacement of a negative energy
particle by a positive energy antiparticle appears in the
Feynman rules, where the production of a pair is repre-
sented by the conversion of an electron moving backward
in time into an electron moving forward in time. The elec-
tron moving backward in time is equivalent to an electron
in a negative energy state, and so the Feynman diagram
representation of pair production involves only one con-
tinuous electron line.

A further assurance that it is not necessary to use a
second-quantized theory in order to fill the sea of negative-
energy fermions comes from the fact that the Feynman
rules are identical for RQM and QED. The difference is
that the diagrams that must be considered are specified
in QED, whereas in RQM the necessary diagrams to be
treated are decided from ad hoc considerations.

2.2 Expansion parameter in RQM

The first interesting thing to emerge from the investigation
of convergence in RQM is that the fine structure constant
never appears in isolation. It is always multiplied by an
intensity-dependent factor such that the expansion in a
perturbative series must be expressed as an expansion in
the dimensionless quantity

zp = 2U,/mc?, (1)

where U, is the ponderomotive energy, that is, the mini-
mal interaction energy of a charged particle with the field.
There are alternative ways to express equation (1). If the
plane-wave field has the amplitude Ag for the vector po-
tential as expressed in Gaussian units and in the radiation
gauge, then

U, = €2 A3 /4mc?, (2)
zp = €2 A% /2m>c?, (3)

where e is the electron charge. Another relation follows
from the introduction of the photon density p, given by

p = Adw/8mhc?, (4)
zp = a2pA (\e/27)%, (5)

where w is the angular frequency of the field and A,
is the electron Compton wavelength. Equation (5) has
important physical content. It exhibits the manner in
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which the fine structure constant enters into the inten-
sity parameter z7. It also shows that the number of back-
ground photons that enter into the process are all those
photons contained in a volume with a transverse dimen-
sion given by A, and a length A. One could guess this result
on physical grounds. The effective size of a free electron for
interaction with an electromagnetic field is given by the
Compton wavelength, so that its cross section depends on
the square of \.. A characteristic length of the field is its
wavelength. Hence, A\? appears as the effective volume in
equation (5).

The parameter z¢ serves as an expansion parameter,
a general indicator of field intensity, and a direct measure
of the “added mass” term that is discussed later in this

paper.

2.3 Convergence-limiting singularities in RQM

Using a bounding procedure in the complex z; plane,
it is possible to show that the radius of convergence of
a perturbation expansion in powers of zy is, in general,
nonzero [13]. However, singularities do exist, so that there
is an upper limit on the radius of convergence. That up-
per limit is the intensity at which the first channel closing
occurs. For low field intensity, if ng photons is the small-
est number necessary to satisfy 4-momentum conservation
conditions, then increasing the field intensity will eventu-
ally lead to a point at which supplying an amount of en-
ergy necessary to provide the ponderomotive energy U, to
the electron requires at least ng + 1 photons. An electron
cannot be a physical particle unless it has the minimum
energy U, required to be a free charged particle in the
field. The point at which the minimum number ng must
be replaced by ng—+1 is called a channel closing, and it rep-
resents non-analytical behavior in the complex z¢ plane.

In sum, RQM does not exhibit the Dyson Dilemma,
but it does have an upper limit on its radius for the con-
vergence of a perturbative expansion, and that limit is
given by the first channel closing.

3 Exact equivalence of QED and RQM
for laser-induced phenomena

In view of the equivalence of perturbative expansions in
QED and RQM that follows from the identity of the
Feynman rules in both cases, the question arises about
how QED and RQM are related in fields that are nonper-
turbatively intense. This is a far more difficult question
to ask than in the perturbative case, since there it is only
necessary to examine individual diagrams for each order
of perturbation theory, but a complete result must be ex-
plored in the nonperturbative case.

An opportunity presents itself for laser-induced phe-
nomena, since one can then examine QED with the con-
dition that one mode of the electromagnetic field is heavily
populated and the other modes can be ignored or treated
perturbatively. This is the premise adopted by Fried and

Eberly [16]. In view of the extreme analytical demands
made by such a calculation, they selected the simplest
possible case to explore. The problem analyzed was the
Compton scattering of a zero-spin “electron” in a circu-
larly polarized field. In a scalar electron context, there are
diagrams in which a single photon is emitted or absorbed
(arising from p - A terms) and diagrams where two pho-
tons interact with the electron at the same vertex (arising
from A?). The advantage of using a circularly polarized
field is that this eliminates all A% diagrams where two pho-
tons are absorbed or two are emitted. All that remains of
the A? contribution are diagrams where one photon is ab-
sorbed and one emitted at the same vertex. It is further
assumed that all electron self-energy diagrams make small
contributions as compared to the direct diagrams that can
be written. It can be confirmed [21] that this is an accept-
able approximation even at fairly low photon densities.

The procedure employed in reference [16] was to write
all possible Feynman diagrams meeting the constraints
listed above, and then to find exact sums of the subclasses
of diagrams that exist. An exact sum is essential, of course,
if a nonperturbative result is to be obtained. It was found
possible to express these sums in terms of continued frac-
tions that could be evaluated in closed form. The end re-
sult was identical to that found in RQM using Volkov solu-
tions [18,19,22] with one exception: the “mass-shift term”
was not present.

In a strong laser field, the usual mass-shell expression is

p? = m2e, (6)

where the relativistic conventions are those of Bjorken and
Drell [23]. That is: p*> = ptp,, and a time-favoring real
metric is employed such that

atb, = a,b"
=a%° —a-b, (7)

where the letters in boldface are 3-vectors. In contrast to
equation (6), all physical problems evaluated with Volkov
solutions [9,12,18,19,22] show that a Volkov electron obeys
the mass-shell condition

(p" — nk") (pu — nk,) = m?c® (14 2y)
= M?c2. (8)

The quantity M is the dressed mass of the electron, k* is
the propagation 4-vector of the plane-wave field, and the
quantity n is an integer.

Equation (8) can be interpreted as showing that the
Volkov electron can exist in many different states, each
corresponding to an ordinary electron carrying with it the
full 4-momentum of n photons, and having a squared mass
greater than the square of the normal electron mass by the
factor (1 + zy).

The absence of the mass shift of equation (8) in ref-
erence [16] at first led to a controversy about the very
existence of this phenomenon [24,25]. However, this con-
fusion was settled in a convincing and informative way. In
the course of the diagram summations in reference [16], a
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class of diagrams was encountered in which the electron
was exactly on the mass shell in an intermediate state.
These diagrams thus had a zero in the denominator (i.e.
in the inverse propagator factor), and such terms were
discarded as being unphysical. However, those terms were
re-examined in reference [17], and it was found that there
was a finite result when all such nominally infinite terms
were summed exactly. The outcome is exactly the added
mass term m?c?z; of equation (8).

As a corollary of the above result, it is possible to
understand why the mass shift does not occur in any finite
order of perturbation theory. The mass shift is thus a clear
consequence of the failure of perturbation theory in very
strong fields.

The mass alteration can be made very large with the
next generation of lasers. However, to achieve a mass in-
crease sufficient to make the field-dressed electron mass
as great as that of a nucleon, a laser operating at a wave-
length of 800 nm would have to have an intensity of about
1.4 x 10% W/cm?.

4 VVolkov Green’s function

The Green’s function for a Volkov electron was first ob-
tained by Schwinger [1]. However, the algebraic form of
Schwinger’s Green’s function is so complicated that it is
very difficult to extract any physical insight from it. A
different form of the Volkov Green’s function that did not
have this difficulty was later found [15] with the addition
of the hypothesis that a Greens function for a single mode
of the electromagnetic field must have the periodicity of
the field. This is sometimes called the Floquet property.

An appreciation for the properties of the Volkov elec-
tron vis-a-vis that of an ordinary electron can be obtained
by comparing the two results for a simple example. The
example is that of a “scalar” or spinless electron in a cir-
cularly polarized field. That is, the Klein-Gordon Green’s
function will be examined. (Ref. [15] also presents the
spinor Green’s function.)

The Green’s function sought satisfies the equation

[0 — a2 G (wa) =5 e, (9)

where the squared operator represents the combination of
contravariant and covariant factors exemplified by the left-
hand side of equation (8); here and hereafter, h = ¢ = 1;
and the right-hand side of equation (9) is the Dirac delta
function. With no field interaction terms, equation (9) re-
duces to

[(iau)Q - mﬂ G(z,7') =6 (z,2'). (10)
A solution for equation (10) is
/ 1 / 4 —1 -(zfz') 1
= dipe= 1
G(l’,ﬂf ) (27‘[‘)4 p@ p2 _m2 +'L’€’ ( )

and the corresponding solution for equation (9) is

G(z,2") = (2i)4 /d4pe*ip~(x7z’)
3 0@,
= (13)
= M;ipk.g’ (14)
p = arctan (i Er;i) : (15)
AP = AgRe (ete™ ). (16)

Equations (11) and (12) appear to be so different that it
is difficult to see physically what these differences mean.
However, the situation is greatly clarified if the dp® part
of the d*p integration is carried out.

For equation (11), the well-known result is

i exp [ip- (x—x') FiE (20— 2%
(%)B/dgp p [ip- (x—x) TiF ( )]

N —
G (x4') = i ,
E— (p2+m2)1/2.

(17)
(18)
The upper choice of the ambiguous F sign in equation (17)
pertains to (z — 2%) > 0, while the lower choice holds if
(2% — 2%) < 0. This result follows from the poles that

exist in the denominator in equation (11), which can be
rewritten

—p?-m?+ie=0,
ie)'?, (20)

p? —m? +ie = (po)
pO =+ (E2 —
with F as defined in equation (18). As written in equa-
tion (20), a value of the infinitesimal quantity € that is pos-
itive always leads to the particle lying below the real axis
and the antiparticle pole lying above the real axis. This is
consistent with a Feynman propagator where a completion
of the contour on an arc in the lower part of the complex
O plane for (20 — :col) > 0 will enclose the particle pole,
and a completion of the arc in the upper complex p° plane
for (0 —2° ) < 0 will enclose the antiparticle pole. That is,
positive-energy electrons are propagated forward in time
and negative-energy electrons are propagated backward in
time, in accordance with the Feynman prescription.
There will be poles in the denominator of equation (12)
whenever o = n = integer. Equation (13) yields
p? — M? = 2np-k. (21)
Since the propagation vector k* for the field is on the light
cone, meaning that k? = k*k, = 0, then equation (21)
factors into
(P"* — nk") (pu

—nk,) = M?, (22)
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which is precisely equation (8). Introducing the notation

£ = (p2+M2)"?
in analogy to equation (18), the poles of the integrand in
equation (12) are at

1/2

P’ =nw+ {52 — 2nwp® + (nw)2 — ie} / (23)
In equation (23), the occurrence of the component p® of
the 3-momentum means that a spatial coordinate system
has been selected such that the laser field propagates in
the 23 direction. For further comments about G (x,z’) in
various limiting cases, see the original article [15].

The correspondence between equations (20) and (23)
is clear. The electron and positron poles following from
equation (20) are now replaced by the same poles with the
mass shift incorporated and, in addition, there are families
of sideband poles associated with each value of n and de-
pendent on whether n is positive or negative. It is also true
that the infinitesimal complex-plane displacement ¢ > 0
will cause all positive-energy Volkov electrons to propa-
gate forward in time and the negative-energy Volkov elec-
trons to propagate backward in time.

5 Photon-multiphoton pair production
at SLAC

The experiment [10] at SLAC in 1997 was historic. It was
the first experiment to produce particles with mass from
an initial state that had no mass at all. One might say
that it was a direct demonstration of the polarization of
the vacuum, with the final particles on the mass shell (as
opposed to being virtual). It was also an explicitly non-
perturbative photoprocess in the elementary particle do-
main, in contrast to earlier experiments on nonperturba-
tive atomic ionization. It represented a realization of the
theoretical calculation published [12] 35 years in advance
of the experiment. (There is an irony here. The paper [12]
was initially sent to the Physical Review for publication,
but it was rejected on the grounds that the required field
intensity did not exist and never would exist. It was sent to
the Journal of Mathematical Physics on the recommenda-
tion of the referee, who regarded it as nothing more than
a mathematical exercise. It took only 35 years to prove
him wrong.)

There are, however, several aspects of the reporting of
the SLAC work that would bear reconsideration. It was al-
ready mentioned in the Introduction above that the title of
the paper: “Positron Production in Multiphoton Light-by-
Light Scattering”, is a misnomer. The scattering of light
by light requires outgoing scattered photons that were not
part of the SLAC experiment. The scattering of light by
light is a process that is of significantly lower probability
than photon-multiphoton pair production, and it has not
been observed to date.

A different matter that is of central importance is that
Burke et al. [10] regard their experiment as being a high

order (fifth order) perturbative process. They reach this
conclusion on the basis of a yield-vs.-intensity plot that
seems to show a clear dependence on intensity I as I°. It
is shown here that the process was well beyond the radius
of convergence of a perturbation expansion, and that the
I® dependence is an artifact of a type already known in
strong-field ionization of atoms.

The basic kinematics will be established first. The lab-
oratory environment has the two types of photons collid-
ing head-on. If the frequency of the energetic photon is w
and that of a laser photon is w, then the scalar 4-product
of the propagation 4-vectors is a Lorentz invariant whose
value is

KMk, = wo — kK = 2. (24)

This means that, if n photons from the laser participate
in a given process, the quantity nww is an invariant. In
particular, if a Lorentz transformation is performed along
the common direction of propagation, it is possible to
transform to the center-of-momentum frame. The thresh-
old condition in that frame is that

nw'@’ > m?, (25)
since the electron pair will be at rest at threshold. The
primes on the photon frequencies refers to the fact that
they have been Lorentz transformed from the laboratory
frame to the frame where the momenta balance, so that

nw' =" >m, (26)
where the last inequality in equation (26) comes directly
from (25). Because n is a fixed integer, then nww is a
Lorentz invariant whose value is given in equation (25). It
is known [10] in the laboratory frame that w = 2.35 eV
(because A = 527 nm) and @ = 29.2 GeV. Therefore the
smallest possible n, labeled ng is

m? (5.1 x 10° eV)?
> _ = 3.805, (27
"0 =05 T (2:35 eV) (2,02 x 1010 oV) @7

Equation (28) follows from (27) in that ng is the smallest
integer greater than 3.805; that is, ng = 4.

However, the results (27) and (28) do not account for
the fact that the electron and positron are created in the
presence of the laser field, so that the rest energy of each
particle is not m, but rather it is the M of equation (8).
The peak laser intensity given in reference [10] is 1.3 X
10 W /cm?. From equations (1) or (3) or (5) one finds
that zy = 0.132 in the SLAC experiment. Equation (8)
then specifies that

M =m\/1+ z; =5.44 x 10° eV. (29)
The revised equation (27) then yields
M2
ng > — = 4.31, (30)
Wi
ng = 5. (31)
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Fig. 1. (Color online) This figure is meant to illustrate the manner in which a nonperturbative laser environment can lead to a
yield curve that appears to be perturbative. The specific example is the photodetachment of a hydrogen negative ion by a laser
operating at 10.6 pm. A uniform intensity is assumed, so that there is no “focal averaging”. A realistic laser pulse possesses a
distribution of intensities that would smooth all of the irregularities seen in this figure. The lowest order perturbative process
that could occur is ng = 7. To guide the eye, the figure shows a straight line with a slope of 7 on this log-log plot. The lowest
order process begins with this slope, but starts to deviate towards a lesser slope shortly before closing altogether. This property
is much more in evidence with n = 8, where the initial slope of 8 becomes a slope of 7 before the channel closes completely.
Higher order channels also show this property of having an initial slope equal to the order of the particular channel, which
then reduces to a lesser slope as lower-order channels close. The overall perception is of a slope that remains appropriate to the
perturbative process, even as channels are closing, and perturbation theory is no longer applicable.

A comparison of equation (31) with (28) shows that the
field intensity has caused a channel to close. It is then un-
equivocal from reference [13] that perturbation theory has
failed. The intensity is beyond the radius of convergence
of perturbation theory.

The upper limit on the intensity where the experiment
could still be perturbative corresponds to the intensity at
which M?2/w = 4. Equation (29) then yields the value
of zy at which this occurs. This channel-closing threshold
value of 2 is

e Aww

(32)
In the terminology of Burke et al., the quantity they call
7 is exactly the same as zy here. Figure 4 in reference [10]
shows that the threshold for pair production occurs when
z¢ = 0.2. All the non-trivial yield data were found at
higher intensities than this, and therefore all the data were
accrued in the nonperturbative domain.

Burke et al. [10] show a yield graph that seems to indi-
cate that the yield increases with the field intensity as I°.
This is consistent with equation (31), but the implication
gathered by Burke et al. is that the linearity of a log plot
of yield vs. intensity is evidence of perturbative behav-
ior. This was a subject of a controversy in the 1980s on

the topic of atomic ionization, where a constant slope of
a yield curve as a function of intensity on a log-log graph
was also taken to signify perturbative behavior by a part
of the community. However, it had already been shown in
the original strong-field-approximation (SFA) paper [14]
that this constant slope is deceptive. Figures 7 and 8 of
that paper show clearly that, as channels close because of
an increase in intensity, the sum of higher order channels
conspire to make the slope appear constant over an ex-
tended domain of intensity beyond where the lowest-order
channel has closed.

Figure 1 here is a recalculation of Figure 8 of refer-
ence [14] done with much better computer and graphics
capabilities than existed in 1980; and with a more accu-
rate analytical Hartree-Fock wave function for the ground
state. The lowest-order slope of ny = 7 for that problem
was maintained for nearly a decade of intensity beyond
the point at which perturbation theory has failed. It is
instructive to observe the behavior of orders higher than
ng. For example, the n = 8 curve begins with a slope
of 8 at low intensity, but by the intensity at which the
n = 7 channel closes, the n = 8 curve has decreased its
slope from 8 to 7. In like fashion, the n = 9 curve starts
with a slope of 9, but that slope has diminished to about
7 at the intensity where the n = 9 channel has closed.
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Beyond the closing of the n = 9 channel, the summed
rate has already begun to fall to less than the slope of
7. The declining importance of the lower orders with re-
placement by a combination of higher orders is a form
of “above-threshold ionization” (ATI) that is not mani-
fested by separated peaks in the spectrum representing
individual higher-order contributions, as in the early ATI
work [14,26-28].

The conclusion is that the SLAC experiments were
nonperturbative, and exhibited the above-described mim-
icking of a perturbative rate of increase of yield with in-
tensity.

6 Volkov electron

In the SLAC experiments, as well as in the theory of rela-
tivistic atomic ionization [29], the general properties of a
Volkov electron were essential, but details of its properties
were submerged in the complexities of the specific exper-
iments and calculations. There is, however, one aspect of
a Volkov electron that merits special attention. That as-
pect is the fact that a Volkov electron can no longer be
regarded as a spin-1/2 particle, although, of course, it re-
mains a fermion.

To appreciate these remarks, the Volkov solution
is presented here for the case of an electron in a
monochromatic linearly polarized field:

gVolk _ ( m )1/2 (1+€(/€"7)(A"7))u

EV 2p -k

1
X exp [Z (p~:c+7}k'lﬂ+<smk'fﬂ+57751112]‘7'%)} )
(33)

where the dot products are scalar products of 4-vectors, V
is the volume for a box normalization of this free-particle
wave function, the 4-vector v* has the four Dirac matrices
as its components, u is a 4-spinor satisfying the condition

(p-y—m)u=0, (34)

p* is the energy-momentum 4-vector for the field-free elec-
tron, the quantity F in the normalization factor in equa-
tion (33) is just p°, and the all-important coefficients in
the exponential function in equation (33) are

_ A3

n= 4p-k’ (35)
_eAop-e€

(= P (36)

In the interest of brevity, only the n factor defined by
equation (35) will be examined.

To assess the magnitude of n it will be convenient
to extract factors to produce the dimensionless 4-vectors

P =p"/m and k" = k* /w. Then 1 becomes
e2A3 m oz

nN= —==——=x, 37
dmwp-k  2Wp-k (37)

using the form (3) for z;. If the quantity p - ¥ is regarded
as near unity, then the magnitude of 7 is determined by
(m/w) z¢. If w refers to a laser-generated field, then this
factor can be extremely large. The exponential in equa-
tion (33) contains the quantity nk-z. This can now be
estimated to be

~ m ~
nk-x =n(wt —k-r) =nw (t - k-r) N At (t - k-r) .

(38)

If |r| is of the order of the size of a nucleus, the usual
assumption is that a laser field can certainly be viewed as
something that can be treated by a dipole-approximation
theory. That is, the usual expectation is that
wt —k-r~wt (39)

for a nucleus in a laser field. However, in the combination
that appears in equation (38), it is not at all clear that

the dipole approximation is valid. If the nuclear size is
represented by R, then

m R
nk-r:O(Esz) -0 (zfA—) (40)

where \. is the electron Compton wavelength that ap-
peared in equation (5) above. The result in equation (40)
need not be negligibly small, and so the dependence on the
position vector r, even when limited by a nuclear radius,
can still introduce important orbital angular momentum
components into the interaction of a Volkov electron with
a nucleus. It can also be shown readily that the nsin 2k-x
and ( sin k- terms in the exponential of equation (33) can
make important contributions.

Appendix A: Brief history

The 1965 Nobel Prize in Physics was awarded jointly to
Feynman, Schwinger, and Tomonaga for their work in
QED. This is obviously well-known, as is also the work of
Dyson in showing the equivalence of the three methods.
Less known is the role of Wheeler as, in a sense, the God-
father of much of the work on QED fundamentals that was
going on in the 1940s and early 1950s. Feynman was a stu-
dent of Wheeler, obtaining his degree in 1942. Wheeler and
Feynman were still writing joint papers up to 1949 [30,31].
One of Wheeler’s most brilliant students was Toll, whose
1952 Ph.D. dissertation on the fundamentals of vacuum
QED is famous within a limited group of people, but was
never published. However, almost completely unknown is
the existence of a group of theoreticians with a focus on
nonperturbative, strong-field physics that was established
with the help of Toll in about 1961, thus predating the
voluminous work of this nature that was performed at the
Lebedev Institute in Moscow. A brief account of this his-
tory will be given here.
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During World War II, many US Government labora-
tories gathered very talented groups of scientists, many of
whom worked on fundamental problems in physics with no
obvious relationship to the basic mission of the host lab-
oratory. The concept was that people of superior talent
could not be retained without permitting them to work
on topics of their own choice, while still being available
to aid in the solution of demanding laboratory projects
when necessary. One such laboratory was the US Naval
Ordnance Laboratory (NOL) in White Oak, Maryland,
located not far from the University of Maryland. Among
their illustrious alumni were Bardeen of semiconductor
fame, and Misner, later a collaborator with Wheeler and
Thorne on the classic general relativity textbook “Gravi-
tation”.

In the 1950s, NOL decided to form a Nuclear Physics
Division, and they requested the assistance of Toll. Toll
had moved from his Princeton Ph.D. in 1952 to Chairman
of the Physics Department at the University of Maryland
in 1953. The present author (HRR) was a student of Toll
at the University of Maryland, working on the dissertation
here listed as reference [9]. In 1959 (until 1969), HRR be-
came head of the Nuclear Physics Division. This had the
advantage of putting him in contact with two fascinating
individuals who visited NOL and the Nuclear Physics Di-
vision on a regular basis. One was Clyde L. Cowan, who
was codiscoverer of the neutrino with Reines. Although
Cowan died in 1974, the 1995 Nobel Prize in Physics was
awarded to “Cowan and Reines” for the discovery of the
neutrino. Cowan became a good friend as well as a col-
laborator. A patent was issued in 1970 on the neutrino
detection of underground nuclear weapons tests, in the
names of Cowan, HRR, and two other members of the
Nuclear Physics Division. The other exceptional individ-
ual with whom HRR had extensive interaction was Joseph
Weber, inventor of the maser and the pioneering developer
of instrumentation for the detection of gravity waves [32].

The purpose of the above paragraphs is to introduce
the Nuclear Physics Division at NOL, because it was there
that the first research group was formed for the study
of basic strong-field problems in electrodynamics. There
were many activities in the Division including, of course,
nuclear physics; but that portion of the Division that fo-
cused on the foundations of relativistic strong-field physics
had the greatest long-term impact. The first products were
references [12] and [13], but other members of the group
started making major contributions. Many people partic-
ipated, but only three will be mentioned here. A 1960
arrival was William M. Frank, a brilliant mathematical
physicist whose life was tragically cut short by an ag-
gressive case of multiple sclerosis. In 1961, Zoltan Fried
joined the group. His major contributions have already
been discussed in Section 3. The third essential mem-
ber of the group was Joseph H. Eberly, who joined as
a National Academy of Sciences Postdoctoral Fellow in
the years 1963—-1967, before he went to the University of
Rochester to pursue a productive and influential career
that continues to the present.

The strong-field physics group within the NOL Nuclear
Physics Division was not only the first such group in ex-
istence, but its activities were seminal for much later re-
search in this now-large and still-growing field. Nikishov
and Ritus were the first of the Soviet physicists to pub-
lish their strong-field work [18], and reference [1] in
their paper is reference [12] here. That citation has been
largely overlooked, but there is a story attached to it
that has been recounted personally to the present au-
thor by Nikishov and Ritus directly, and also by Nikolay
Narozhny [33]. The Soviet Academician and Nobel Lau-
reate V.L. Ginzburg saw reference [12], and was favor-
ably impressed. He brought it to the attention of the
Lebedev Institute physicists with the recommendation
that the subject of nonperturbative strong fields, and the
Volkov techniques employed in the paper had consider-
able promise, and was worth pursuing. Nikishov, Ritus,
and Narozhny were unanimous and generous in crediting
reference [12] with having “started strong-field physics”.
There is more. Many people in the West were initially un-
aware of the work at the Lebedev Institute as well as of
the earlier work of HRR. To them, the field was started
by Brown and Kibble [19] in 1964. However, Brown and
Kibble are quite clear in their paper that it was Zoltan
Fried who called their attention to nonperturbative elec-
trodynamics, and who alerted them to the usefulness of
Volkov methods. In turn, Zoltan Fried became aware of
these matters after he joined the Nuclear Physics Divi-
sion at NOL. Therefore, it was this strong-field group at
NOL that planted the seeds of this field of study in both
the East and the West.

Appendix B: Variable mass vs. covariance

Many researchers in the application of relativistic QED to
practical problems accept the concept that the mass of a
particle is velocity-dependent, depending on the velocity v
through the relation

m = moY, (B.1)
v=(1- v2)71/2 ,

where my is referred to as the “rest mass” of the particle,
and the convention of setting ¢ = 1 is continued. This
practice of treating the mass as variable is decried here on
the grounds that it is both unnecessary and the cause of
a needless loss of covariance.

A dependence on the concept of covariance is an es-
sential part of the major progress in relativistic quan-
tum field theory that followed from the work of Feynman,
Schwinger, and Tomonaga. “Covariance” means that all
quantities that enter into a theory should have well-
defined properties under Lorentz transformations. For
present purposes, only the Lorentz scalar and Lorentz vec-
tor need to be considered. A Lorentz scalar is simply a
quantity that is the same in all inertial frames of refer-
ence. A Lorentz vector is defined to be a quantity that
has the same transformation properties as the space-time
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vector

o (tr). (B.3)

A covariant velocity can be defined as the differential of
x# with respect to the proper time 7; a scalar quantity.
That is, the covariant velocity is

d
ut = —at.

— (B.4)

It is then a simple matter to define a covariant momentum
as the product of a Lorentz-scalar mass and a Lorentz-
vector velocity:

p* = mout'. (B.5)

So far, all is straightforward. Trouble arises when an incre-
ment in the proper time A7 in equation (B.4) is related to
an increment in the laboratory time At, which experiences
a Lorentz dilation with respect to 7. The connection is

At = v AT, (B.6)
so that, in equation (B.4) one has
0
ut = y—a =yt (B.7)

ot

with the last expression serving as a definition of the local

4-velocity v*. Equation (B.5) can then be expressed as
pH = moyot. (B.8)

The mischief occurs when the factors in equation (B.8)

are grouped as
(B.9)

and mq7y is viewed as a variable mass, as remarked in
equation (B.1).

This introduction of a variable mass has taken the ex-
pression of the 4-vector momentum p* as the product of
a Lorentz scalar mg and a Lorentz vector u* in equa-
tion (B.5), to a new form (B.9) in which neither factor
has any specific Lorentz character. This is both needless
and harmful.

When written in the covariant form of equation (B.5),
the subscript on the mass is unnecessary since there is
only one mass, and that is the rest mass. Equation (B.5)
can then be rewritten as

P = (moy)v",

' = mut (B.10)

without any ambiguity.
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